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Abstract

Considering the multicriteria optimization problem (MOP) and max multicriteria
optimization problem (M _ MOP) into real applications regardless of the image

being continuous or discrete, linear or nonlinear, the present thesis explores a method,
referred here as the direct method, of solving these problems in m criterion space

mel™.

The author assigns solving MOPand M _ MOPto the three following stages:
recording mapping characteristics stage, solving multiobjective problem stage and
obtaining feasible solution stage which inverses the solution obtained in the second
stage in consideration of the mapping characteristics in the first stage.

Based on the main goal of MOPand M _ MOP being solving the multiobjective

problem, most of the direct method focuses on the direct solving of the
multiobjective problem. In solving a multiobjective problem, the author determines
the (inferior and superior) boundary of the image, inferior_1 boundary set and
superior_1 boundary set which are subsets of the boundary, and then filters out two
subsets from inferior_1 boundary set and superior_1 boundary to obtain the
nondominated sets.

The author defines inferior and superior boundaries, and inferior_1 and superior_1
boundary sets that fit both the discrete and continuous spaces, and are functional. The
proof, in this thesis, shows these definitions to be identical with the classical
definition of boundary when the set is dense.

In the theory, the thesis completes definitions, proofs and syllogisms that are needed
to develop the direct method of solving MOPand M _ MOP. In practice, since

most MOPsand M _ MOPsare numerical in nature, the author develops an algorithm,
designs code in MALTAB and uses the software in several examples. The results of
running several examples (criterion space: 3, 4, 8, 10 and number of points: 147, 551,
8539, 69779) are listed in Chapter 8 and Appendix Il. This research opens up
applications of MOP in many fields such as management, engineering, medical
science and so on, and also establishes a solid foundation for further research in the
multicriteria optimization problem and max multicriteria optimization problem field.



Résumeé

Considérant le probléme d'optimisation multicritére (MOP) et le probléeme
d'optimisation multicritere maximal (M _ MOP) dans des applications réelles
indépendamment du fait que I'image soit continue ou discreéte, linéaire ou non
linéaire, cette thése explore une méthode, appelée ici méthode directe, pour résoudre

ce probleme dans I’espace a m critéres me | *.

La méthode présentée résout le MOPet le M _ MOP en trois étapes: :

I'enregistrement des caractéristiques de cartographie, la résolution d'un probleme
multi-objectif et I'obtention d'une solution réalisable en inversant la solution obtenue
dans la seconde étape en tenant compte des caractéristiques de cartographie de la
premiere.

Sur la base de I'objectif principal du MOPet duM _ MOP la plus grande partie de

I’algorithme se concentre sur la résolution directe du probleme multi-objectif. Afin de
résoudre le probleme multiobjectif, 1’algorithme identifie les bornes (inférieures et
supérieures) de I'image, I'ensemble formant la borne inferior_1 et I'ensemble formant
la borne superior_1 qui sont des sous-ensembles de la frontiere, puis filtre deux sous-
ensembles des ensembles formant les bornes inferior_1 et superior_1 afin d’identifier
I’ensemble composé des points non-dominés.

L'auteur définit les frontiéres inférieures et supérieures, et les ensembles des bornes
inferior_1 et superior_1 applicables a la fois aux espaces discrets et continus et qui
sont fonctionnels. Cette these démontre que ces définitions sont identiques a la
définition classique de frontiére lorsque I'ensemble est dense.

Dans la partie théorie, cette thése présente les définitions et les preuves nécessaires a
la méthode directe de résolution du MOPetdu M _ MOP. En pratique, puisque la
plupart des MOPset des M _ MOPs sont de nature numérique, l'auteur développe un
algorithme, congoit du code dans MALTAB et utilise le logiciel dans plusieurs
exemples. Les résultats de I'exécution de ces exemples (espace critére: 3, 4, 8, 10 et
nombre de points: 147, 551, 8539, 69779) sont énumérés au chapitre 8 et a I'annexe
I1. Cette recherche rend possible I’application du MOP dans plusieurs domaines tels
que, en autres, la gestion, I'ingénierie et la science médicale. Elle établit également
une base solide pour la poursuite des recherches dans le domaine de I'optimisation
multicritére et de I'optimisation multicritere maximale.
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Chapter 1 A Brief History of Multicriteria Optimization

The concept of non-inferiority in the context of economics is credited to Francis Y.
Edgeworth (1845-1926) and Vilfredo Pareto (1848-1923). Since then, multiobjective
optimization has permeated the fields of management, economics, the social and physical
sciences, engineering and design, and has developed at a rapidly increasing pace.

In one sense, the multicriteria problem was forced on the economist by having to deal with
the aspirations of several consumers. The criteria are generally the utilities of individual
consumers, and it was Edgeworth in 1881 who first successfully defined an optimum to such
a multi-utility problem in the context of two consumers, P and 7:

A small step is required where: P and n do not increase together but that, while one
increases, the other decreases.

Some years later, in 1906, Pareto took the more direct approach of ordering the decision set
directly and, subsequently, defining an optimum for n consumers in the following manner:

We will say that the members of a collectivity enjoy maximum ophelimity in a
certain position when it is impossible to find a way of moving from that position very
slightly in such a manner that the ophelimity enjoyed by each of the individuals of
the collectivity increases or decreases. That is to say, any small displacement in
departing from that position necessarily has the effect of increasing the ophelimity
which certain individuals enjoy, and decreasing that which others enjoy, of being
agreeable to some and disagreeable to others, see p3~p4 in [22].

This statement has been the basis for terming optimal decisions defined in this manner as
Pareto optimal. Edgeworth’s statement is more related to what is now termed a multicriteria
problem. With this in mind, as well as historical precedent, such optima should more
appropriately be termed Edgeworth-Pareto optima.

Also, the multicriteria problem was eventually united with the inception of game theory by
Borel in 1921.

The optimal solution (decision) of each multicriteria problem is a set (decision set). The
optimal solution, “best”, has traditionally referred to the decision that minimized or
maximized a single criterion in the sciences and has referred to the simultaneous optimization
of several criteria in economics.

Simultaneously, the ordering is related to obtaining a decision set. The subject of ordering,
however, also has a separate early mathematical history with the consideration of ordered sets
by Cantor and Hausdorff. Their work on set theory inspired the extension of the natural
properties of the real number system, such as total orderings, to more abstract sets.

Along with acceptance of the concept of “Multicriteria Optimization”, applications have
occurred not only in the field of economics, but also other fields such as engineering



[14],[20],[21], Natural Science [6], [12], [18], [23], [30], Chemistry [1], [9], and food
processing [10], [17], for example, where the criterion spaces tend to be in 2 and 3
dimensions only. The applications have not involved the field of large scale management
(with high-dimensional criterion spaces) such as human resource management, insurance,
investment, and so on.

Exploring method of solving the Multicriteria Optimization Problem (MOP) and Max
Multicriteria Optimization Problem (M _ MOP) is an important area of study within the

field of mathematics. For a recent example, see the popular book, “Multicriteria
Optimization” [22], that systematically expounds the concept of the Multicriteria
Optimization Problem and collects existing solution methods, or “Nonlinear Multiobjective
Optimization” [15] that also covers in detail this vast field. Many mathematicians have
published on various solution approaches and applications, e.g., see [2], [4], [5], [7], [13],
[16], [19], [24] through [29].



Chapter 2 Introduction of Multicriteria Optimization
2.1  Multicriteria Optimization Problem (MOP)
A commercial example of a multicriteria optimization problem relates to car insurance. Car

insurance companies keep information of insurance members: name, sex, age, location, and
the years of driving, records of driving, and so on. All members construct a set X , called the

feasible set and f(x) =[f,(x), ---, f,,(x)]" is the mapping of member x € X, such as
sex~ f,(x), age~ f,(x), location~ f,(x), the years of driving~ f,(x), records of
driving~ f.(x), ....., called an image point, shown in Figure 1.
_ sex ] [ f,(x) ]
age f,(x)
location quanity f3(x)
namex — characteristics =| years of driving < fx)=| f,(X)
records of driving fs(X)
i | [ £ (0]

Figure 1: Mapping of feasible point

All the points construct an image: F = {f(x) =[£00, - f,00] :xe X} in them
dimensional criterion space. There is a minimal acceptance criteria set in the existing

image F . An applicant can be accepted as a member by the criteria set. Actually, a greatest
acceptance criteria set would be one of the important policies for a car insurance company.

Another typical example of a multicriteria optimization problem is designing an automatic
control system for a flying vehicle for some purposes. The derivation of a parameter vector is

one of the main tasks in design. Let X =[x, -+, X ]" be a parameter vector, where Xps s Xq

are components of the vector. All possible parameters construct a set:
X={><=[Xla o x 1T % elay, bl a;,b €R, & <by;i=1,--, q}. For a given control

strategy, the flying track depends on selected parameter vector X , where the flying track,
f(x) = [fl x), - f, (x)]T , is an image point of the parameter vector. We would find the

best flying orbit from the flying orbit set, image F™ = {f(x) : x e X}, by obtaining the best
parameter vector X . Mostly, we cannot obtain only an image point such that every component
of the point is best. On the other hand, we may obtain a set of best orbits, thus obtaining a set
of best parameter vectors as our optimization solution. By the way, if we still cannot find a
satisfactory orbit in the obtained set, obviously, we should consider a new control strategy or
structure for the flying vehicle.



Let X be a military organization and F™ = {f(x) : x € X} be a set of military qualities, where

f(x)=[f,(x), -, £, ()] contains the military qualities of member x of the military

organization. A commander (command system) selecting a team from staff X to fulfill a
special task may also be considered a multicriteria optimization problem. It is a team
optimization according to the special task.

We would sum up in mathematical language:

A multicriteria optimization problem, called MOP for short, involves a search for the
set of optimal decisions of a certain type (such as Pareto optimal) in the given feasible
(decision) set in decision space based on the image (objective) of the feasible set in
criterion space.

The diagram in Figure 2, visualizes a typical multicriteria optimization problem.

Feasible —— Image of |
Set X feasible set in
criterion space
Solution - Multiobjective
set X f (Filter)

Dominated
Image Point(s)

Figure 2: A typical multicriteria optimization problem



The filter is selected based on a selected definition of optimality, such as the case of Pareto
optimality. We see that MOP is concerned with three main factors: feasible set, the image of
the feasible set and filter. The multicriteria optimization determines which part of the
image is retained; then the set of optimal solutions is given by the inverse of this subset
of image points.

Since every image point is a multi-dimensional point, there may be a special order between
two different image points. The popular names of the orders will be given in the next section.
2.2  Some Orders, Addresses and Implications

The most popular orders, their addresses and implications are listed in this section. We list
some orders that are generally used on R™ as follows.

Y1 Yii Yz 0 Yim
Yo Yor Y22 0 Yom s om
Let =l : : . | be an order of n pointsin R™, where m>1 and
Yn Y1 Y2 Ynm
if the Order — Notation definition call the order as (Address)
Yi<Viu Yii <Yispjr J=L---,m strictcomponent— wise order
i1 = VYiq 3somelefl,---,m .
Yi<Via Yia = Yie . ) et } component— wise order
Yij <Viaj 12l je{l,---,m}
= JIsomek e{l, ---, i .
Yi<VYia Vi Yiea et i } weak component— wise order
= y|Sy|+1 |¢k,|€{1,"',|}
Jlefl,---, m-1}
YiSiex Yia Yi.j = Yisj When j=1,---,1 lexicographic order
Yitsr < Yisnia
Yi<mo Yia max y; < max Y, max - order
j=Lm T T e m T

where ie{l,---,n-1} and y, =Y, 1€, Y =Yy fOr j=21,---,m.

The implications of each order below is shown



Order — Notation is called

y<y’ pointy weakly dominatespointy”

y;y* pointy dominatespointy”

y<y” pointy strictlydominatespointy”

Y<ix ¥~ pointy lexicographicallydominatespointy”
Y<wo YV~ pointy max - orderlydominatespointy”

2.3  Postulates and Notation
The notation used in this thesis is summarized below:

AAB- BisdefinedasA.
N(S) — the total number of members in set S .

1" ={4, 2, --} is the set of natural numbers.
® ={}— is the empty set.
pA()or(,)or(,,)or---— isnull point in one, two, three, ...dimensional space.

ped.
X — the set of all the decisions.
If X is discrete,
Xy
X=| : | whereH el" +1.
XH
X; =[x, - X ,]€ X< R? isadecisioning e 1" dimensional space.
f — a criteria or function vector withm criteria or function components.
f)=[f,(x) - f,(x)]eR™, xeX— animage point of x in me I"space.
F*"={f(x)=[f,(x) --- f,(x)]:xeX}cR™— animage setin me 1" criterion space.

2.4 Formulating the Multiobjective Optimization Problem (MOP) and the
Max Multiobjective Optimization Problem (M _ MOP)

In mathematical terms, a classical multicriteria optimization problem can be formulated as,

min (), 2.1)

where

f:X>R" fX)=[f,(x) f,x) - f, ()], m=>1,
X < RY, g=1 is the feasible set,



f;(x) is objective function j,
j ::L 2, -, m.

Since the objective functions may be maximized in some applications, we follow definition
(2.1) to define the max multicriteria optimization problem (M _ MOP) as

ma;(f(x) , (2.2)
where

f: X >R f(x)=[f,(x) f,(x) - f, ()] m=>1,

X < RY, g=1 is the feasible set,

f;(x) is objective function j,

j =1 2’ -, m.
Set F™ = {f(x) =[,0) f,0 - f,00]:x=[x, - x,]e X} is referred to as the image

of the feasible set X, or criterion space from which the criterion values are taken.

25 Classification and Relations of the Solutions of the Multicriteria
Optimization Problem (MOP)

2.5.1 Classification of Solution of MOP

We list the main classes of solution of MOP as follows [22]

a feasible solution X € Xis called if thereis nootherx e X suchthat
weakly efficient, f(x) < f(X).
efficientor Pareto optimal, f(x) < f(X).
strictlyefficient, f(x) < f(X).
lexicographic optimal, f(x) ;Iex f(X).
max - order optimal, f(X) <yo F(X).

Also we denote



if xeXis {all ke X} pointf (%) {all f(X) e F"}

weakly efficient set X,e weakly non - dominated set Foi
efficientor Paretooptimal  set X non-dominated set F¢'
strictlyefficient set Xe strictlynon - dominated set F e
lexicographicoptimal set X,  lexicographic non - dominated set Fig,
max - order optimal set Xuo max - order non - dominated set Fyio

The main classes of solution of M _ MOP are listed as follows:

a feasible solution X e Xiis called if thereis noother x e X suchthat
max weakly efficient, f(x) > f(X).
max efficient, f(x) > f(X).
max strictlyefficient, f(x) > f(X).

Also note that

if XeXis {all xe X} pointf(X) {fallf(X)eF"}
weakly maxefficit set X, , max weaklynon-dominated  setFy ¢
maxefficient set Xy & max non - dominated set Fy ¢

strictlymaxefficint  set X, . maxstrictlynon-dominated  set Fy

Aside from these classes, there are four typical definitions of properly efficient, known as
properly efficient in Geoffrion’s sense, in Borwein’s sense and in Benson’s sense as well as
in Kuhn —Tucker’s sense. They were derived in year 1968, 1977, 1979, and 1951
respectively.

Properly Efficient (in Geoffrion’s sense) A feasible solution X € Xis called properly
efficient in Geoffrion’s sense, if it is efficient and if there is a real number M > Osuch that

forall iand X € X satisfying f; (X) < f; (X) there exists an index j with
f; (X) < f;(x) such that

FE-fi0) _
f,00-f,(%)

Properly Efficient (in Borwein’s sense) A feasible solution X € Xis called properly efficient
in Borwein’s sense, if

Tyro (FENN (-RI") ={0},



where the tangent cone of Y +RI'at f(X) € Y +R['is

To.om(FE))={deR™: At IR {y*I< Y+R" st. lim t (y*-f(X)=d}
Y+RE = Tyt

and
R ={y=[y; - Yul' €R™:y; 20,i=1---,m}.

Properly Efficient (in Benson’s sense) A feasible solution X € Xis called properly efficient
in Benson’s sense, if

ol (cone(Y + R —£(%)))N (-R™) =40},
where the conical hull Y + R} —f(X) is

cone(Y +RT —F(%))=fay: @20,y e Y + R ~f(R)}= | JalY +RI —F(%)).

a>0

Properly Efficient (in Kuhn —Tucker’s sense) A feasible solution X € Xis called properly
efficient in Kuhn —Tucker’s sense, if it is efficient and if there is no d € R" satisfying

(Vf (%),d)<0 Vk=1--,m
(Vf;(X),d) <0 forsome ie{l,---, m}
(V9;(%).d)<0 Vje{p:g,(0)=0,p=1- m}

where constraint functions g, j =1, ---, mare continuously differentiable.
Properly Efficient (in Kuhn —Tucker’s sense) considers the multiobjective programme
min f(x)

XeX,
X feasible set. Now we add constraintg(x) <0,

where f :R" - R™and g:R" - R".

The corresponding point f(X) is called properly non-dominated in Geoffrion’s sense,
Borwein’s sense, Benson’s sense, and Kuhn —Tucker’s sense, respectively.

2.5.2 The Relations of Solutions of MOP



We find that (according to [22])

o X Xg < Xye (pp. 39).
° Xlex = XE (pp 129)
o Xuo < Xe (pp. 132).

o {XeX:Xis properly efficient in Geoffrion's sense}
={X e X:Xis properly efficient in Benson's sense} (pp. 55)
—{Xx e X:Xis properly efficient in Borwein's sense}— X (pp. 54).

e A differentiable MOP,
{X e X:Xis properly efficient in Geoffrion's sense}
c{Xx e X:Xis properly efficient in Kuhn and Tucker's sense} (pp. 57).

e {XeX:Xis properly efficient in Kuhn and Tucker's sense}
c{Xe X:Xis properly efficient in Geoffrion's sense}, if f,, g; :R" — Rare
convex, continuously differentiable functions (pp. 58).
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Chapter 3 Popular Methods for Accomplishing Multiobjective
Optimization MOP in Finite-Dimensional Euclidean
Space

There are a large variety of methods for accomplishing multiobjective optimization in finite-
dimensional Euclidean space. These methods are classified as scalarizing and non-scalarizing
methods. The typical methods in these two classes will be described in the following
sections.

3.1 Scalarization Method

The scalarizing method is a traditional method for solving MOP of the Pareto class. The
method involves formulating a single objective optimization problem that is related to the
MOP

f,(X)
min f(x) = min fzz(x)

Xe xeX

fin (%)

by means of a real-valued scalarizing function typically being a function of the objective
functions of the MOP, auxiliary scalar or vector variables, and/or scalar or vector
parameters. Sometimes the feasible set of the MOP is additionally restricted by new
constraint functions related to the objective functions of the MOP and/or the new variables

introduced.

The scalarizing methods typically include the Weighted Sum Method, the & — Constraint
method, the Hybrid Method, the Elastic Constraint Method, Benson’s Method and
Compromise Solutions. These comprise the most popular techniques for solving MOP.

The Weighted Sum Method s perhaps the “simplest” method that solves multicriteria
optimization problem (2.1) by solving a single objective problem of the type:

min|(.69) - 3.0 . @)
k=1

where

11



(,,f(x)) denotes the scalar product in R™.

The main contributor to this method is Geoffrion (1968), who shows the relation of
optimal solutions of (3.1) and (2.1):

e If Xis an optimal solution of the weighted sum optimization problem (3.1), then the
following statements hold

(1) If A eRI then X is a weakly efficient solution of MOP (2.1).
(2) If L eRI" then X is an efficient solution of MOP (2.1), where

RN ={y =y, Ynl' €R™:y; >0,i=L1---,m}.
(3) If AeRI" and Xis aunique optimal solution of (3.1) then X is a strictly
efficient solution of MOP (2.1).

The & — Constraint method is probably the best known technique to solve multicriteria
optimization problems. There is no aggregation of criteria, instead only one of the original
objectives is minimized, while the others are transformed to constraints. It was introduced by
Haimes et al. (1971), and an extensive discussion can be found in Chankong and Haimes
(1983).

The & —Constraint method to replace the multicriteria optimization problem (2.1) is given by:

min £, (x) (3.2)

subjectto f,(X)<¢, k=L---,m, k=j,

where

The optimal solutions of (3.2) problems are at least weakly efficient. This method works for
general problems; no convexity assumption is needed. It has been shown that

12



e If Xisan optimal solution of (3.2) for some j, then X is a weakly efficient solution

of MOP (2.1).
e If X isaunique optimal solution of (3.2) for some j, then X is a strictly efficient

solution (and therefore efficient solution) of MOP (2.1).

The Hybrid Method combines the weighted sum method with the & — Constraint method.
Let x° be an arbitrary feasible point for a MOP .

min " 2 f, (x) (3.3)
k=1

subjectto f, (X) < f, (x°) k=1---,m

xeX

where

A
A

L= :2 eRl'.
A

m

A theorem relating the solutions of (3.3) and (2.1), given by Guddat et al. (1985), shows:

e A feasible solution x° € X with & € R™ is an optimal solution of problem (3.3) if
and only if x° is an efficient solution of (2.1).

Because there are no results on properly efficient solutions from the & — constraint method,
which is also difficult to solve in practice due to the added constraints f, (X) <&, , Ehrgott

and Ryan [8] introduced “relaxing” of these constraints by allowing them to be violated and
penalizing any violation in the objective function to develop the elastic constraint
scalarization.

The Elastic Constraint Method

min[fj(x)+z/zkskJ (3.9)

k#j
subjectto f, (X)—s, <¢g., k=]
S, 20, k=j
XeX

where
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n= eR™ p 20,k=j, s= :2 eR™, g= eR™.
/um Sm gm
It is shown that (pp. 103, [22]):

e If (X, §)is an optimal solution of (3.4) with p>0. Then X is a weakly efficient

solution of MOP (2.1).
e If Xisaunique optimal solution of (3.4), then X is a strictly efficient solution of
MOP (2.1).

Benson’s Method was formulated by Benson [3]. The idea is to choose some initial

feasible solution x° € X and, if it is not itself efficient, then produce a dominating solution
that is. To do so, nonnegative deviation variables are defined, and their sum is maximized.

This results in a solution x dominating x°, if one exists, and the objective ensures that it is
efficient by pushing x as far from x° as possible in the feasible region X .

max I, (3.5)
k=1

subjectto f, (x°)—I, — f,(x)=0 k=1,---,m
xeX

where

It is known that (pp. 107, [22])

e If (3.5) has optimal solution (X, ) (and the optimal objective value is finite) then X
is an efficient solution of MOP (2.1).

Compromise Solutionsgiven a distance measure

d:Rmem—>R;,

14



the compromise programming problem is given by

mi)pd(f(x),y'), (3.6)
where
Y,
|
yl _ y:2 ,
yI

Yk = rll‘)? f (%)
The following basic results are established (pp. 111, [22]).

e Ifanorm || is monotonic and X is an optimal solution of (3.6) then X is a weakly

efficient solution of MOP (2.1). If X is a unique optimal solution of (3.6) then X is
an efficient solution of MOP (2.1).

e Ifanorm || is strictly monotonic and X is an optimal solution of (3.6) then X is an
efficient solution of MOP (2.1).

The following definitions apply above:

a) Anorm |-|:R™ — R is called monotone, if “ ylu < “yz“ holds for all
yhy? eRMif ‘ yﬁ‘ s‘ ylf‘ k=1---,m.
b) Anorm |-|:R™ — R is called strictly monotone, if H yl“ < Hyzu holds whenever

‘yﬁ‘ﬁ‘yf‘,kzl,---, m and ‘yﬂ<‘yﬂ for some j.

3.2 Nonscalarization Method

The nonscalarizing method, in general, includes Lexicographic Optimality, Max-Ordering
Optimality and Lexicographic Max-Ordering Optimality. We enumerate these methods as
follows.

Lexicographic Optimality, the lexicographic order is considered when comparing
objective vectors in criterion space. As for efficiency, the model map is the identity map. The
lexicographic optimization problem is written with a “lexmin” operator as:

lexminf(x), (3.7)

xeX
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where
f,(x)

f,(x)

f:X—>R™" f(x)= m>1.

frm (%)
A solution X € X is called lexicographically optimal or a lexicographic solution if

f(X) <, F(x) forall xe X.

lex

The lexicographic solution is connected to the efficient solution by the proven statements
(pp.129 and pp.131, [22]):

e If X e X is lexicographically optimal then X is an efficient solution of MOP .
o If X e X isaunique lexicographically optimal of (3.7) for some k €{l, ---, m}, then

Xis a strictly efficient solution of MOP .
Max-Order Optimality. The MOP problem is written as follows:

min k:Tg?(m f (X). (3.8)

A solution X € X is max-order optimal or a max-order solution if there is no x € X such that
krPax f (X) < krPax f (X). A weakly efficient solution of MOP can be constructed by a
S oo

max-order solution of (3.8):

¢ An optimal solution of the max-ordering problem (3.8) is a weakly efficient solution
of MOP (2.1) but not necessarily an efficient one of MOP (2.1).

Lexicographic Max-Order Optimality. This is a combination of max-ordering and
lexicographic optimality, where the lexicographic order is applied to a non-increasingly
ordered sequence of the objectives.

A lexicographic max-ordering optimization problem can be written as

mi)p sort (f(x)), (3.9)

where
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f, () 0, (X)
0,(X)
fO)=| .7, sort(f(x))=| °. " |,
frn (X) 6, (x)
&) e{f,(x), f,(x),---, 1,00} i=12,---,m
and
G(X)=260,(X)=---=26,(xX).

If X e X satisfies

sort (f(X)) <, sort (f(x)) forall xe X

then X e X isa solution of (3.9) or a lexicographic max-ordering solution. It has been shown
that (pp.136, [22]):

e If Xe X is alexicographic max-ordering solution then X is an efficient solution of
MOP (2.1).

e If X e X isaunique lexicographically optimal solution of (3.9) for some
ke{l,---, m}, then X isa strictly efficient solution of MOP (2.1).
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Chapter 4 Comments on Existing Methods of Solving MOP, MOP
Analysis and A Direct Method Exploration for Solving
MOP and M _MOP

4.1  Comments on the Existing Methods of Solving MOP

Based on the published books and papers in the list of References, we find that the existing
methods to solve MOP are generally stuck in a criterion space of only two dimensions,
called bi-objective optimization, and the points from this on the space are small in number.
Several papers [4] [5] [14] [26] consider three dimensional criterion space, but again the
image points are few in number.

In the current world, we see that the criterion spaces of most MOPs are greater than three,
and the points on the criterion space are huge no matter whether in the fields of management,
science or engineering. Insurance (section 2.1), human resource management (of a country),
investment, and data processing are a few examples. These published methods may not be
suitable to solve this kind of MOP , with criterion space greater than three (e.g., may be 10,
20, ...), and with huge numbers of image points in their criterion space. For example, an
immigration system (management system) faces too many people, i.e., feasible set and the
personal information, i.e., image in criterion space. In order to make an optimal (better)
decision, the immigration system should collect more personal information, i.e., increasing
the dimension of the criterion space. Scientific experimentation data processing systems also
have huge numbers of image points in high criterion space. A flight test system will collect
many kinds of data; the data will be treated by the scientific experimentation data processing
system. These published methods do not consider these larger instances of MOP occurring
in practice.

By the way, if we need to solve a MOP , we are unsure of using one existing method to solve
the MOP over another, because we don’t know which method is most suitable. None of
these methods provides an application purview or has a clear concept of scene, and none of
them can be said to be generally superior to all the others [15].

Some methods need the image of a feasible set being convex; it means that we should prove
the image is convex at the beginning! If we can, we have already found the solution of a
MOP .

After the exploration in chapters 4 and 5, we find the fact: the solution set of the
Multicriteria Optimization problem is the inverse of the partial boundary set of the
image which is mapped by the feasible set. The key of solving the Multicriteria
Optimization is finding the partial boundary of the image.

The application fields of MOP will be broader if we can find a method that can get optimal
solutions for all different purposes (filters) such as shown in section 2.1.
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4.2  Direct Method Exploration for Solving MOP and M _ MOP

By Figure 2, a MOP (or M _MOP) can be divided into the three stages: mapping stage,

filtering stage and inversing stage. The mapping stage, besides recording the feasible set and
image, records the mapping relationship; the filtering stage filters image points, i.e., solves
the multiobjective problem; and the inversing stage inverses the filtered image points (in
accordance with the record provided by mapping stage) to obtain the solution of MOP (or
M _MOP). To begin, we give an example created by Gopfert and Nehse to show the

working of the new method and obtain some hints in exploring this direct method of solving
MOP or M _MOP.

Example 4.1 (Gopfert and Nehse [11]). Consider a bicriterion optimization problem with
feasible set

-1<x <1,
X=3x=(X,%,) e R?—/—-xZ+1<x, <0, if —-1<x, <0

—=x2+1<x,<0, if 0<x <1
and objective function
f(x=(x,%;)) = (F.(3), F,(¥)) = (X1, %) -
The image of the feasible set is
F? ={f(X)=X=(Xl,X2)ZX€XC RZ}.
The solution of the problem MOP (2.1) has non-dominated set® and the efficient set is® .

To find the solution, we individually assign the work to the three stages as the follows.

1) Mapping stage records feasible set, image and mapping relationship of feasible point
and image point.

In this example, f maps X onto F?, where f(x) = (f,(X), f,(X)) =X = (X, X,) . See
that f isa 1-1 (one—to—one), i.e., is injective mapping. The image of Xis

1< f, <1,
F2={f=(f,f,)eR?-y-f2+1<f, <0, if -1<f <0}.

—J-f2+1<f, <0, if 0<f <1
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We set a two dimensional coordinate system: of, f, for the image. The image is

shown in Figure 3. It is a dense half disk; there is no boundary down the quarter of
the disk in the left of the half disk.

(2) The filtering stage filters all points of the image to find the non-dominated set. This
job, in general, is called solving the multiobjective problem.

For a given feasible point x =(x;, X,) € X, its image point is f(x) = (f,(x), f,(x)).
Observe in Figure 3 that we construct two sets that pass the image point:

F-(x) ={(t, f,()):t e R}NF? ={(t, f,) =(t, X,) :t e R} F?,

and
Fr (X) ={(f,(x),t) =(x,,t):te R}NF?.
f,
f(x) = (f,(x), f,(x))
Example 4.1 (Gopfert and Nehse (1990) /

U®E By 4= B By 4 4 ES By 4= By - 4 By B 4 - By 4 >
01 ¥ + F F ¥ F F ¥+ ¥ ¥ ¥ k¥ ok F +oE
03[+ + ¥ ¥+ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ + ¥ § + + ¥/ FX

LR SR CHE CE R S e . I R S G~ S S if
04 & + + £ ¥+ ¥ ¥ F * ¥ ¥ F * *+ ¥ ¥+ ¥ & iﬁ -
s £ % % k ¥ ¥ k ¥ ¥ £ ¥ £ % ¥+ ¥ % ¥ [
N 05 ok ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥+ ¥ ¥ ¥ ¥ ¥ ¥/ T
ok k kb k F F R F O oE K %g//
-0.6 - ok F ¥ ¥ F F F F+ F ¥ F F ¥ // -
ok ¥ F F F F F F F F F o F %—-/
0.7~ & F o O O F F O F é?-/ -
0.8 * % % % ¥ % ¥ ¥ ¥ ¥ & * .
e % % * F ¥ ¥ &k * % FL (%)
-0.9 {( fl(X*),t) teRY®F ¥ ¥ ¥ ¥ ¥ & %?/%

R r r r r %. r r r r

-1 -0.8 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

fl

Figure 3: The image of feasible set X
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In geometry, the two sets may not be closed segments that are perpendicular to each
other, where line {(t, f,(x)):t € R} parallels axisof,, line {(f,(x),t):t e R} parallels

axisof,, and the two lines both contain point (f,(x), f,(x)).

The minimal points of the two (not closed) segments are described as

(frmins 200)  if min({(t, £,(0) = (t, %,) :t € R} F? Jexists
¢=(,) otherwise

fll,_min (X) = {
and

T o {( £,00, Fomn) if min({(f,(x),0) = (1) te R}NF? )exists
' p=(,) otherwise

Forall x =(x;,X,) € X, we have the sets
Ff é{fll,_min (X) 1 X = (X, X,) € X}
and
R A {fZL,min (X) 1 X =(X,X,) € X}.
In this example,
F" = ® and FI'" ={(f,, f,): f, Z_M’ 0< f, <1}.

Observe, a non-dominated point, at least, is a non-dominated point in set F"" and
also is a non-dominated point in set F."", i.e., the point should be in set:

Finf_lé ijnf ﬂ innf ]
In our case F"* =® ={¢}. Hence our non-dominated set is®..
inf

In fact, for every point(f,, f,) e F," , there is some x = (x;,X,) € X, such that

(fy, f) et F,00)=(t. x,) :t e R}NF2.

21



If (f, f,)e in”f is a non-dominated image point then the image point is non-
dominated in set {(t, f,(x)) = (t, x,) :t e R}NF2.

3 The inversing stage inverses the non-dominated set by the mapping recorded in the
mapping stage.

Hence X = X,z =X =@.

We replace “min” with “max” to find the solution to M _ MOP (2.2) in the same way.
Consider work in filtering stage.

FouP é{ffmax (X):x = (X, X,) € X}

and
FP A {szmax (X):x=(X,%X,) € x},
where
o (9= {( furwcs T209) i max{(, 1,000 = (1 x,):t € R V2 exists
' $=(,) otherwise,
f;mAM={”A”j”W) ﬁmm«u4@¢y4ﬁixtemﬂszmﬂs
' $=(,) otherwise

Then we have

FP = {(f,, f,): f, =~/ f2+1, O<f, <1}
and

Fs'P = {(f,, f,): f, e[-11], f, =0} .
Hence, we have the max— non-dominated set

Fsup_l é FlSUp m FZSLIp

={(f,, f,)): f, =—— f2+1,0< f, <BN{(f,, f,): f, e[-11], f, =0}
= {00)}.

By the inversing stage, we have X, . = {(L0)}.
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All elements in F"! and F***** may not be non-dominated points if F™ is not a convex set.

This example illustrates several main points that draw attention to the new method as follows.

(@)

(b)

(©)

(d)

The core work is in the filtering stage that is solving the multiobjective problem.
Solving the multiobjective problem, in mathematics, is finding a subset (called the
non-dominated set) of the image such that every point in the subset is a “non-
dominated point”. In this example, the non-dominated set, in geometry, looks to be
located on the boundary of the image (geometrical characteristics). We guess that the
non-dominated set has the same geometrical characteristics for a general MOP (or

M _MOP). We will verify this later.

In this example, the feasible set and image are dense. Because we know the
definitions of boundary, open set, closed set, and so on we know the definition for
dense set. However, the image of a general MOP (or M _ MOP ) may be dense or
discrete or a mix with partial density and partial discrete. The existing definitions
may not be suitable for these cases in operation and we have to give proper
definitions.

Since the mapping is a simple case: 1—1, the mapping stage and inversing stage are
much easier. In practical MOP (or M _ MOP), there are multi mappings and each

mapping may be 1—-1 or 2—1 or ---. The mapping stage and inversing stage should
take care of these cases.

Example (4.1) is a continuous problem. Normally, we meeta MOP (or M _ MOP)
that is discrete and multi dimensional (>>3).

If these considerations can be solved, then the idea of the new method will be the same as this
way of solving this example. As a derivation of this new method, we focus on obtaining the
efficient, Pareto optimal and strictly efficient solutions for a multicriteria optimization
problem. It follows from the idea that we can obtain other kinds of multicriteria optimization
solutions such as lexicographic optimal.
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Chapter 5 A Direct Method of Solving the Multicriteria
Optimization Problem and Max Multicriteria
Optimization Problem

The multicriteria optimization problem (MOP) given in (2.1) and the max multicriteria
optimization problem (M _ MOP)in (2.2) are re-written here as

min f(x), (2.1)

xeX

max f(x), (2.2)

xeX

where

f:X—>R™ f(x)=(f(x), -, f (X)), m>1,
X cRY, g=>1 is the feasible set,
fi(x): RY >R, j=1,---, m are the objective functions.

The image of the feasible set is
FP AR 00 = (£,00, -+, f (0):X= (X, %) € X,

The main work of the direct method is solving a multiobjective problem to obtain its non-
dominated set or max-non-dominated set. The exploration in Chapter 4 introduces the idea of
a direct method of solving MOP and M _ MOP. Strict mathematical definitions and proofs

are required now to complete the method. We will present these in the following subsections.

5.1 Inferior Boundary, Superior Boundary and Boundary of Objective
(Image)

Let ol, ---ol _be a m dimensional coordinate system. Then f(x) = (f,(X),---, f,,(X)) ,
X € X as an image point of X is located at (fl(x), fm(x)) in the coordinate system,
where f;(x) isavalue onaxis ol;, je{l---,m}. Theset F™ could be dense, discrete or

mixed. We have mentioned in chapter 4 that our familiar definitions of boundary, bounded
and interior of a dense set are not suitable for a discrete set or mixed set. We should give
operational definitions for an arbitrary set such as a dense set, discrete set and mixed set
(dense and discrete set). The definitions should not clash with the classical definitions when
the set is dense.

Point Line in Parallel with a Coordinate Axis Passing F"
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Let F™ = {f(x) IX=(Xg, 0 Xq) € X} be the image of the given feasible set X = R, where

f:X—>R"™ f(x)=(f,(x),, (X)), m=>1,
fi(x): RY >R, j=1--,m.

For given x € X, let parameter treplace component f;(x) of image point f(x), where
je{L, ---, m}. We use notation

(t, £,00, -, f (X)) i=1
fj(x’t): (fl(x)"”’ fj—l(x)’t’ f]+l(x)’“" fm(X)) je{2,---,m-1}
(f,00, -+, Fra(X),1) j=m.

For given te R, f;(x,t) isapointinm dimensional space. Let t vary in R; then it forms, in
geometry, a line in the space:

L, 060 A, 068 =(£,00, -+, F,500,8, 11 (0,++, f,())eR™ :teR).

Since

506D ry0 =T06 1500) = (000, 11500, 100, F1200, -, fn(9) e L (x.D)

and for given t,heR and t = h
— j-1 j j+1
ri(x,t-—h)=f,(x,t)-f;(x,h)=|0,---, 0,t-h, 0,---,0],

hence, we have

e Line L;(xt) passes point f(x) = (f,(x),---, f,,(X)); in other words, the intersection
setof F™ and line L ;(x,t) is nonempty.
e Line L;(xt) parallels with coordinate axis ol; .

The intersection set of image F™ and line L;(x,t) is:

Fr()AF™NL;(x1), xeX. (5.1)
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We call F}-(x) as the intersection set of image F™ and line L;(x,t) or j component line of
f(x) . We remark that set FjL(x) may only include one point, itself (f(x) ). If there isa

X" e X, X" #x and f(x*) = F(x) such that (x*) = (£,(x"), -, f, (x")) e F-(x), then there
exists j e{l, ---, m} such that one of the following three cases holds.

f,(x7) = £,(2),

j =1case: {
f(x")="f(x) ke{2--,m}

f,(x7) = f;(x),

je{2, -+, m—1}case: {fk(x*)= f(x) kel - j-1 j+1 - m}

fr (x7) = f1,(X),

j =mecase:
{fk(x*)z f,(x) kefl--, m-1}

See that if f(x) € F{"(x) and f(x") e F[(x), x=X" then F (x)=F} (x"). We mention that
if mapping f isnot 1—>1 but f, (x*)=f, (x), ke{L, ---, m} holds then x* = x should
happen.

5.1.1 Definitions of Real Inferior, Imaginary Inferior, and Real Superior and
Imaginary Superior Boundaries

Definition Let F (x) be the j component line of f(x), where x e X, je{L ---, m}.
We say that:

@ f;xf6)=Ffx)=(f,(x),---, f, (X)) e FjL (X) is areal inferior boundary point of set
Fi-(x) if forall f(x") e F}(x), X" e X, we have f;(x)< f;(x"). We denote point
f(x) as f""7(x).

() f;xf;,))=F(x)=(f,(x),---, f, (X)) e FjL (X) is areal superior boundary point of set
Fi (x) if there exists f;(x") < f;(x) forall f(x") e Fj (x), where X" e X. We denote

the point as f;*P%(x) .

(© f;t)=0f0), f;.0,t7, f,,,(x) - (X)) is an imaginary inferior boundary
point of set F;-(x) if there exists t* e R such that f;(x") >t forall f(x) € F; (x) and
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there exists f(x*) e F}'(x) such that f;(x") <t"+J, V>0, where x',x" € X. Point
° m - inf, |
f,(x,t") g F" isdenoted as f;™ (X).

(d) f;t)=(f,0), - F,.00,t7, f,,,(x) --- f,(X)) is an imaginary superior boundary
point of set FjL(x) if there exists t* e R such that f;(x’) <t” forall f(x) e FjL (x) and
there exists f(x*) e F}'(x) such that f;(x") >t"—& for v5 >0, where x',x™ € X..

Denote the point as f"*' (x) .

Since only two of the four cases (a, b, ¢, d) apply for any set FjL (X), where x e X and

je{l, ---, m}, we stipulate that the remaining two all are ¢ . By these definitions, we remark
that

e Vf(X)eF[(x), where X',x e X then
inf, _ ginf, r
fFrR) =" R () e Fy (%),
sup,R __ gsup,R i L
FUPR () = F5PR (x') e FE (X)),

FI01 () = FI" 1 (x') g FE(x),
£ () = F5° (x') ¢ FL(x).

o FMRO)=F,(x, f;(x)=F""R(x) may hold for some x e X and j e{L, ---, m} for

given F™.

All boundary points that parallel with coordinate axis olj , je{L, -, m}are classified and
collected as follows.

the real inferior boundary set FRA {f () :f () =F"F(x), x e X},
the real superior boundary set Ff“p‘Ré {f x):f(x) = fJ.S”'”'R X),xe X},

the imaginary inferior boundary set F™'A {f}”f" () :f(x) eF (x),x e X},
the imaginary superior boundary set ~ F;**' A {ff”p" (x):f(x) e Fy (x), xe X}.

Hence

m
the real inferior boundary set of F™is Finf R A UF}”f* R
i1
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m
. m - sup,R sup,R
the real superior boundary set of F™is FRAl JFeR,

=1
the imaginary inferior boundary set of F™is Fr AR,
=1
the imaginary superior boundary set of F™is FotA U Bt
j=1

It is clear that all cases may exist for given set F™. For convenience, we call

F‘”fé F"R UF"! as inferior boundary set of F™,

F*? A FPR R as superior boundary set of F™,

F*RAF™R UF*™® as real boundary set of F™,
F>'AF™! UF*™! as imaginary boundary set of F™,

FPAFMUF™P = (F™ R UE U (FR UF*! ) as boundary set of F™.

It is easy to find that the following cases may exist for given F™:

inf, R sup,R
F NF =@,
Finf,R — @,
Fsup,R — (D,
Finf,R U Fsup,R =d.

5.1.2 Real Inferior_1 and Imaginary Inferior_1 Boundaries, and Real
Superior_1 and Imaginary Superior_1 Boundaries

Definition Let F™R, F"™' and F{**® and F{""" be (real and imaginary) inferior

boundary sets and superior boundary sets of image set F™, j=1,---, m; we define:

m
the real inferior_1 boundary set of F™: FrRA ()RR,
j=1
m
the real superior_1 boundary set of F™: FePhR A ﬂFf”p'R ,
j=1
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the real _1 boundary set of F™:

the imaginary inferior_1 boundary set of F™:

the imaginary superior_1 boundary set of F™:

the imaginary _1 boundary set of F™:

the inferior_1 boundary set of F™:
the superior_1 boundary set of F™:

the _1 boundary set of F™:
Obviously,

° Flnf_l,R gI:lm‘,R gFm,
° Flnf_l,l c Flnf,l c Fm,
° Fsup_l,R g|:SLJ[J,R gFm’

° Fsup_l,l c Fsup,l c Fm .

Fb_l, R A Finf_l, R U Fsup_l, R

m
inf_1,1 inf, 1
FrEtt A (R

=1

m
sup_1, 1 sup, |
Ferett A ()R

j=1

Fb_l, | A Finf_l, | U Fsup_l, |

Finf_l A Finf_l, R U Finf_l, |
FSUp_l Z FSUp_l, R U FSUp_l, |
Fb_l é_ Fb_l, R U Fb_l, | .

We conclude that F™ is a real boundary set if and only if F>' = F"™' JF*"' =@ .

We give an example in Figure 4 below of F? in two dimensions to illustrate F,""® | F)™R |

sup,R sup,R inf_ 1R sup_1, R
FUPR bR pINLLR i LR

F,""® is the curve degab, F;" " is the curve abc,
F'PR is the curve bed, F5*PF is the curve cde,

FMER =R AR s the curve ab,
Four-tR — ESUPR N ESUPR s the curve cd.

Note that F""' =F,""' =F}**' =F;**' =F"' = .
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Figure 4: Illustration of F™®, F"R FPR pESUPR LR psup LR

Theorem 5.1 If F™ is dense and a real boundary set then the real boundary is identical to
the boundary in real analysis.

Proof

(Only consider "% (x) € F|-(x) which is a real inferior boundary point of Fj-(x) (or F™).
Other cases can be proved in the same way)

Review the classical definition of boundary in real analysis: Y is a boundary point of set Z if
there are points ue Z and v Z in N4 (y) (itis an open set called o -nbhd, its center is y
and the radius is ¢') forany ¢ >0 [31].

Let FjL (x) be the j component line of point f(x), where x is an arbitrary point in the
feasible set X and j e{y, ---, m}. Assuming there exists a real inferior boundary point

inf, R L inf,R : L .
"7 (x) e Fy(x), we prove ;™" (x) is a boundary point in real analysis.
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i) F;(x)={f(x)}, i.e., Fy(x) is not only a singleton

Let f}”f* R(X) e FjL (X) be areal inferior boundary point. By Definition 5.1.1, there is
X" e X, FMR0)=F(x") = (F,(x), -+, f,(x"))e FX(x) such that

{fk(x*)=fk(x):fk(x') k#j,
f(x)<f(x) k=],

forall f(x") e FjL (x),x"e X. Since F™ is a dense set, FJ-L (x) is adense set. For any
given 6 >0, 36" >0and &' < such that

f(x) =(f,(x), -+, fu (X))
=(f1(x),---, fi1(), f-(x*)%, fia 00, fm(x)]eF,-L(x).

By “f (x) —fieR (x)” - Hf(x') —f(x") =% , we have

f(x) e Ny (F" 7 ()= Ny (F(X") < N (F™ 7 (%)) = N (F(X7) -

Consider point

1_:z(fl’ T fm)
:(fl(x),---, fi1 (%), fj‘”"R(x)—%, fra(¥),, fm(X))eszL(X)-

But Hf — R (x)” =Hf(x’) —f(x") =%' Jie, FeNg (FIMR(x) e Ny (F™ R (x).

Thus """ (x) e F}-(x) is a boundary point in real analysis.
i) Fj(x)={f(x)}, i.e., Fy(x) isasingleton

In this case: "% (x)=f(x); by F™ being a dense set, 3f(x") e F™ such that

f(x) e Ny (F" R (X)) = N (™R (x)) . As in i), we consider a point

31



]E:(]Ely..-1 fm):(fl(x)1..., fj—l(x)’ fjinf,R(X)_%,, fj+1(x)""a fm(x)j-

By the Definition 5.1.1 and “f' — fMR (x)” = % <&, we obtain

feF(x) and fe Ny (FMR(x)) < Ny (F"R (x)).

It follows from the definition of a boundary point of a set in real analysis that f}”f' R(x) is

a boundary point of set F™.

By combining of i) and ii), the proof is complete. O

Definition of Bounded Set  Let F™ ={f(x) = (f,(x),--, f,,(x)):x € X} be the image of
feasible set X . If there exists M e R* (M <+o0) such that | f;(x)| <M, forall xeX and

j=1,---, m, then we say that set F™ is bounded.
5.2  The Relations of Non-dominated Set and Real Boundary Set

Theorem 5.2 Let F™-'R be a real inferior_1 boundary set of set F™, and F be a type of
(a weakly non-dominated set or non-dominated set or strictly) non-dominated set of set F™,
then Fc F"AR,

Proof

@ X e Xg

Let X e X be an arbitrary efficient point and (%) = (f,(%), -, f,,(X))e F < F™ be a non-
dominated point. For point f(X) and je{l,---, m}, thereis j component line FjL(X),Where

f(X) eF (%) =F"NL; k1),
and
L0 A F, 0 = (R, F0(0,t f,4(R), -, Fn(X)eR™ :teR),

Not to lose the general case, we assume that there is more than one point in set F}- (X).
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Suppose F}' (X) is an open set. By f(X) F}- (X), 36 >0 such that
f(x") e N;(fF(X) < FjL(f() , Where
f(x) = (%),
f(x) = (£,0x), -+ F,(¢), -, Fr (X)),
{fk(X') =f () k=],
f(X)<f,(X) k=j.

Since f(X) is a non-dominated point, inequality f;(x) < f;(X) does not hold. It means that
L /oy - .. AN = . . - L/a
F; (X)is not an open set and (by Definition 5.1.1 (a)) f(X) is an inferior point of set F (X),

ie.,

f&) =" ) eF™", j=1--m.
Hence
- inf,R inf_1,R
f(%) e[\F"™R =F"™F
j=1

(2) Xe XsE

Let X € X be an arbitrary strictly efficient point and f(X) e F < F™ be a strictly non-
dominated point, where f(X) = (f,(X),---, f, (X)). Following proof (1), we obtain

m
f()’\() S ﬂ Fj!nf' R_ELLR

j=1
B) XeXue

If Xe X, then there at least exists X*,%* € X, such that f(X*) =f(X*) e F < F", i.e., the

images of X* and %2 locate on the same position in m dimension space. In this case, we
have

Fi (%) =F; (%),
L%t =L,;(%%1),
f(&) e Fr (X)) =F"NL,;(X"1),
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f(%*) e Fy (X*)=F"NL;(X%,1).

Suppose F (") =F} (X?) is an open set. As in the proof (1), Fj (X') = Fj (X?) is either an
open set or a closed set and

f(f(l) :f(f(Z) :f}nf,R (5\(1) :f}nf,R (5(2) c F}nf,R’ J =1 -, m.

And then we have

m
f(kl) :f()'*(Z) EmF}nf’R _ Flnf_l,R .
j=1
In the same way, we can prove this case: f(X!)=---=f(X") e F < F™, where
Kt %" eX g, hel” and &' = x* when i =k, i,k efl, -, h} such that

m
f()ﬂ(l):._.:f()ﬁ(h)eﬂF}mﬁR :Finf_l,R ]
j=1

It follows from (1), (2) and (3) that F = F"™-*R = F™. Hence, Theorem 5.2 is proven. o

Using an analogous proof which has been omitted, we have a parallel with Theorem 5.2:

Theorem 5.3  Assume F*“PR s real superior_1 boundary set of set F™, and F™ isa
max weakly non-dominated set or max non-dominated set or max strictly non-dominated set

of set F™. Then F™ < FSUP-LR,
In addition, we have the following theorem (without proof).

Theorem 5.4 If F™ is convex set then F™"R is a type of (a weakly non-dominated set or
non-dominated set or strictly) non-dominated set of set F™ and F*'P-® is a type of max (a
weakly non-dominated set or non-dominated set or strictly) non-dominated set of set F™.

For a general (discrete, mixed and non-convex) set, to find a type of non-dominated set and a
type of max non-dominated set, we have to go further after obtaining F""~*® and FS"P-*R

Definition 5.2.1 Let F™"R be the real inferior_1 set of set F™ . For arbitrary real inferior
point f ={f,,---, f_ }e F™*® we define set

FSfJ :{f’:(fl,,..., fn(]) fJ’S fj1fV€Finf_l,R}, J::I_,’ m.
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Of course, F_f; = FinfiR

Theorem 5.5 Let F™-'R be the real inferior_1 set of set F™ and F be a type of non-
dominated set of set F™. Point f ={f,,---, f_}eF"™® is a type of non-dominated point if
and only if

F. fj ={f}.
j=1
Proof

We only prove f ={f,,---, f_.}e F"® isanon-dominated point if and only if

m

Ff, ={f}.
j=1
"=" Let f={f, -, f. }eF™"® be a type of non-dominated point. It follows from
Theorem 5.2 that

f={f, - f,yeFcF"™ R cF"

For each component of f , by Definition 5.2.1, there exists set
Ff, = = (), £1): ] < f,, f e FMAR}

for each j e {1, ---, m}. Since f ={f,, ---, f, } F™"® by Definition 5.2.1, we have
feF.f,

m m
for each j {1, ---, m}. Hence f e (|F.f; ,ie., [(|F.f; z®.

j=1 j=1
m
Let f' =(f/,--, f,)e ﬂFS fyand f'=f . By definition 5.2.1, the following inequality holds
j=1
forall j=1,---, m.
fj, S fj .

That is
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fi =1, forsomeof je{l,---,m}
fi<f; remaining j

i.e.,, ' dominates f , which is a contradiction. Here, we only have

(F-f; ={f}.
j=1

m m
""" Let[)F.f; #® and [|F.f; ={f} hold. In accordance with Theorem 5.2, all non-

j=1 =1
dominated points are in the real inferior_1 boundary set F"™-*R By Definition 5.2.1, some

m m

points in set F™-R can dominate point f only in set ﬂ F_f;.By ﬂFS f; ={f}, nosuch
j=1 j=1

point can dominate point f except itself, i.e., f is a non-dominated point. O

Parallel with Definition 5.2.1, we have

Definition 5.2.2 Let F*""** be the real superior_1 set of set F™ . For arbitrary f e F**P-*%,
we define set

szj :{f’:(flly..., fn;): fj,Z fj,f'eFSUp—l‘R}, j=l,---,m.
Similar to Theorem 5.5, the following theorem holds.

Theorem 5.6  Let F*P® be the superior_1 set of set F™. Point
f=(f,- f,)eF*"" R cF" isatype of max non-dominated point if and only if

(F.f, ={f}.
=1

All non-dominated points and max non-dominated points can be written as

j=L

m
Fro ={f f e PR FTL (L = {f}}

and
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Fu no ={f e PR o R (R, ={f}}.

j=1

5.3  The Relations of Non-Dominated Set, Mapping and the Solution of
Multicriteria Optimization Problem

From the definitions of weakly efficient, efficient and strictly efficient in section 2.4.1, we
have the following theorem.

m
Theorem 5.7 Let F, = {f fe MR T L) = {f}} be the non-dominated set of

set F™ then

M)
)

®)

j=1

if F,, = ® then there is no solution of the MOP,

if F,, = {f(X)}, i.e., f(X) is the only element of F,,, and if the mapping at
Kis “one to one™, then inversing f(X) to obtain {&} is X, i.e., Xisa
strictly efficient point, and otherwise {x:f(x) =f(X),x € X} is Xz, i.€., a
weakly efficient set,

if there is more than one element in set F,, if there is “one to one” for each

elementin F,, , then {x:f(x) e F,,} = X otherwise set {x:f(x) e F,,} is
Xue -

no ’

Similar to Theorem 5.7, the following theorem holds.

j=1

m
Theorem5.8 Let Fy , = {f e PR FM (Rf, = {f}} be max non-dominated

set of set F™ then

M)
)

®)

if Fy n, =@ then there is no solution of the M _MOP,

if Fy no = (X)), i.e., f(X) is the only element of F, ,, and if the
mapping at X is “one to one” then inversing f(X) to obtain {X} is X,
i.e., Xisamax strictly efficient, and otherwise set {x: f(x) = f(X),x € X }

is Xy, E i.e., a max weakly efficient set,

if there is more than one element in set Fy, ,, if there is a “one to one”
relationship for each elementin Fy, ,, then set {x f(x) e FM_nO} is Xy &
and otherwise it is Xy, -
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Chapter 6 A Direct Method of Solving the Discrete Multicriteria
Optimization Problem

When we encounter multicriteria optimization problems, most are a discrete set, i.e., the
feasible set and its image are both discrete. The mapping varies: some are “one to one” and
some are “two to one”, and so on. It is very beneficial to provide a proven algorithm for
solving the discrete case. Referring to Chapter 5, we have:

Theorem Let F™ = R™ be a discrete and bounded mapping set of feasible set X then
F™ has a real boundary set.

6.1  Description of Discrete Case

In the discrete case, following Chapter 5, there are procedures to determine a boundary set
and then obtain a non-dominated set. In this chapter, we will follow these procedures to find
a non-dominated set and also construct a useful and operational algorithm.

Let F™ = {f(x) = (f,(X), -, f,(x)):xe X} ={f,---,f,}, m,;ne 1 be the image set with
discrete elements f;, i e{L, ---, n}, where f; :(fivl, fiym), X={Xs, - Xy}
X= (X, Xq), H,qel™, where mis the number of components of each image point. We

can imagine every component as a pixel of an image point then each image point is

constructed by m pixels. Write F™ as the image matrix of feasible set X, r as mapping
characteristic number matrix and xras the status matrix:

f'l _f(>.<I)_ f%,l fl',j fl',m
EM— f:i — f(XT) — f;,l fi:,j fi:,m ,
_f;_ _f(xf:)_ _f;,l fn} fn',m_nxm
r, [Xry e Xn e XGg |
r=|r and  Xr=|Xr; - XG; oo Xhg (6.1)
_r'n_m Xty e e x|

where
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Xj e X,ie{l, -, n},and f(x;)=f(x,)wheni=k,ike{l,---, n},
f; =[fi1, -, f,»] isapoint of the image withm pixels located at row i in F™,
f, =f,when i=l,ie, 3someje{l ---, m} such that fLj # flyj,

r, = N({f(x) =f(x;) : x e X} is the number of total elements with the same image

point in a feasible set,
m = max{rlv Yy rn}l

{{Xﬁ,y o X F={xe Xof(x) =f(x)}

xr; =0if p<j<m
By all the notations, we have
r>1,ie{l2 -, n},
n
i=1
n<H.

Matrix r records mapping characteristics: multi or one. Matrix xr will be filled during
forming matrix F™. It is clear that if f,,k e{L, ---, n} is a non-dominated point then we can
find the optimal solution set {xr, ;, ---, xr . } in xr. Itis an easy matter to form matrix r
and matrix xr; we will not be concerned with forming matrix xr in this thesis.

6.2  Finding Out F"™® and F*"-*R

It follows from section 5.1that we should find F| for each image point then find F}"*% and
F*PR | and after that find F™"® and F**P®. We will reach the goal step by step. At the

first, we derive a series of matrices from the original matrix F™ as the following shows.

6.2.1 Ordered Matrix and Permutation Matrices

Let
[fm, ] _fmlvl e fmy e fmlym_
e P I O 62
| |y e,
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be the ordered matrix, where each columnin FM™ =[fm, ;] ., is the ordered column from

matrix F™ =[f; ;1. 1., foreach je{l, 2,---, m}, we have

fmi’j < fmk'j, if i<k fori,ke{l,2,---, n}.

If we consider that each component ( f; ;) of an image pointin F™ is a pixel, then the

column (pixel) in FM ™ is of a brightness order of the color light. By the way, the effect of

the image is not changed, i.e., image F™ and image FM ™ are the same. We may call it
image stability.

Let matrices

fm_f, fm_f,; fm_fn
FM_F™ = fm_' fig o fm_f fm_' fim (6.3)
_fm; o fm_f,; fm_. fom |
and
[f_fmy, - f_fm,; - f_fm,, |
FFM™=| f _ 'fmi,l e f_fmyyoe ;‘mi’m ) (6.4)

be mapping matrices to build the relationships between F™ and FM ™, that are
FM_F" F_FM™
FM™ = F"and F" = FM™  where fm_f;; shows the location of fm;; in F"

and f _ fm; ; shows the location of f;; in FM™. Matrices FM F™ and F_ FM™ would be

constructed by given F™ and its (each column) ordered matrix FM ™.
6.2.2 Classification Matrix

We classify each component of an image point in its component column in matrix
F™, i.e., every component of an image point should be set by the class in its column.

Let
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CF"=|cf, - cf,;, - cfi, CF™ (6.5)

Il
.0

cf
nm Jom L% lna

cf,, - cf

n,j

be a component classification matrix, where cf; ; records the class of f; ;

( j component of image point i) in F™. It identifies the class of each component of
an image point. The principles of classification are:

0 f,; = f; wheni=k,
cfi ;= i,kef{l,---,n}, (6.6)

sefl,---,s;} 3k=isuchthatf,; =f,,
Cfl,] :ka’J if fI,J = fk,] \M]enkii, i,k 6{1,"', n},
cf,; €{0,L -, 5;}={0,1,---,n}, iefl,---,n}, jefl,---, m}ands; <n,
s; +1 is the (maximum) number of classes in j column.

Every element in the component classification matrix CF™ can be determined by the
ordered matrix FM™ and mapping matrix FM _F™. In fact, for every element

fm, ; e FM™,3h and p such that

fmk'J E{fmh’l, fmh+1’J, R fmh+p’J},
where

ke{h,---, h+ p},

jeft -, m},

fm,; =fmy, ;==

hefl - n},

pe{0,1---,n—h}.

If p>0 then we call the set {fm,, ;, fm,.;;,---, fm,,,;} as an equivalent group of the
j column. We give a number to the group

0 if p=0,
sel™ otherwise
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Number s depends on the issuing p =0 sequence in column j, and we put the

number s in the component classification matrix CF™ in accordance with the
mapping matrix FM _F™ at appropriate locations:

thj =S for a” i= fm_fhvj, fm_fh+1‘j,"', fm_fh_*_ij.

FM_F™" . B i
Since mappings FM™ < F™ are "one<> one", the component classification matrix
F_FM™

CF" will be filled completely. For convenience, CF" is initialized with zero.

cF™ is each image point classification matrix. It identifies the class of every image

point. cF™ is also initialized at zero. At beginning, every element records the number
of the joining components corresponding to the point:

=t
where
(1 ifch, >0,
"0 otherwise.

The following is a simple example to show how to form the component classification
matrix at column je{l, ---, m}. Let F™-J be the je{L,---, m} columnin F™ with 10

elements and FM ™/ be its ordered column. The columns F™-J and FM™-1 are
connected by permutation columns FM _F™1 and F_FM™-!. It shows as follows.
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), 5 [ f_fm, 2 fm,; ] [3
fa 3 f_fm,; 1 fm, ; 5
f3; 9 f_fmg; 6 fm | 5
fa; 17 f_fm,; 10 fm, ; 5
S T ) F_FM™i= o MMsi ) 13 o 2| M | T
fe.j 5 f_fmg; 4 fmg ; 9
f; 11 f_ fm,; 8 fm, ; 9
fg | 9 f_ fmg; 7 fmg | 11
fo | 11 f_fmg; 9 fmg | 11
foi ] L7 | f_fmy; | 5] | fmyo; | (17
(57 [ f;] (2] [ fm_f,;] (37 [ fmy; ]
3 fy; 1 fm_f,; 5 fm, ;
9 fa] 5 fm_f;; 5 fmy |
17 fa,j 6 fm_f,; 5 fm, ;
51_ fs | _Emi o 10 _ fm_ f; | _EM EM e T fm | _rMm
5 fo.; 3 fm_ fs; - 9 fms ;
11 | f7; 8 fm_f,, 9 fm, |
9 fs | 7 fm_ fg; 11 fmg ;
11 fo,j 9 fm_ fg ; 11 fmg ;
7] [ o] 4] | fm_f; ] 17 | fmyg |

Then CF™-! is obtained by constructed columns FM™-! and FM _F™-1. CF"-!

records every element in F™- located group. In this example, column F™-/ includes
4 classes: 0, 1, 2, 3. As an example, elements f,;, f;; and fg; are in class 1.
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[ fmy; ] [3] [fm_f, ] [2] fef ] 1]
fm, ; 5 fm_f, 1 cfy 0
fm, ; 5 fm_ f,; 5 cfy | 2
fm4'j 5 fm f4'J 6 CfﬂhJ 0
EM M - fmg ; _ 7 - fm_f; _ 10 L = cfy ; _ 1 .
fmg ; 9 fm_ fq ; 3 cfs | 1
fmy | 9 fm_ f; 8 cf, | 3
fmg; | |11 fm_fe; | |7 cfg; | |2
fme; | |11 fm_ fy; 9 cfo; | |3
_fmlo,j_ 117] _fm_ flo’j_ | 4 ] cfo; | [O]
Obviously, we have
_ f\ 1 s _cflyJ 1 117
fa; cfy | 0
fsj 9 cfy ; 2
fa 17 cfy; 0
i 2| fsi | 2] S| s classified with cPmo =| s | |2
fe; 5 cfe 1
fa; 11 cf,; 3
fg | 9 cfg | 2
fo; 11 cfg | 3
g | L7 cfio; | |O]

The numbers in CF™-! depends on issuing p =0 sequence in column j of FM™.
Since fm,; = fm,; = fm,; =5, the class is defined as 1, etc.

6.2.3 Additional Matrices

To make fast, convenient calculations and avoid repeating them, we design some additional
matrices.

We design two matrices to record the starting position and the total members of every class in
each column in FM™, the two matrices are notated as

Nb:[nk,j]SSXm and TT :[tk,j]SSva (68)

where

44



ss=max{s; : j=1,---, m},
S is the number of classes in j column without “0” class,
n; records beginning row ofk class in j column of ordered matrix FM ™,

t, . records total number of members of k class in j column of ordered matrix

§
FM™.

s; depends on the column. As in the example in 6.2.1, we see that

2 3
jcolumn of Nb is |6 | and j columnof TT is|2].
8 2

In accordance with FM_F™ , we can find the locations in F™, as shown in the same example:

fm,; 1 [3
fm, ; 5
fm, ; 5
fm, ; 5
7 m-
9
9

m_j _
f“lS,j FM F

FM M- = =
fms ;
fm, ;
fmg; | [11
fmg; | |11

_fmlo'j_ 17

6.2.4 Determination of the Characteristic of Each Image Point

Applying the preparation in the above sections of this chapter, we can classify every point.
As convenient, we divide all image points as four types: 0, 1 and 2 and m+1. Every image
point will be one of the four types. We stipulate

0 if pointf, is a suspected non-dominatedor max non-dominatedpoint,
1 if pointf, is a suspected non-dominatedpoint,
if pointf; is a suspected maxnon-dominatedpoint,
m+1 if pointf; isa dominatedpoint.
(6.9)

45



The number of each image point will be dropped into the (image) point classification matrix

cF™ . After dropping the numbers in cF™, we call matrix cF™ the characteristic matrix of
the image point.

We should use the obtained information about the image point classification in matrixcF™
and the knowledge in chapter 5 to designate the type such as 0, 1, 2 or m+1 at every image
point. Theorem 6.1 issued later lays the foundation for the discrete case.

Definition 6.1 Let A=(f",---, f2) and B=(f°,---, f>) be two points in m dimension;
we define

(1) |A-B|= \/(flA —£8)2 4.4+ (f2 - f5)? asthe distance between A and B.
) AB=[f° - f", ---, f° —f”] as avector with direction A - B,
AB is the segment of AB and ‘,@‘ is the length of segment AB.

We see that || A—B < B-A ||= \/ﬁ\ .

In accordance with analytic geometry, the line past two points A = (f,*,---, f*) and
B=(f - f)is Lyg =A+t(B-—A), where teR is a parameter.

Definition 6.2 Let L' and L? be two lines in m dimension. Line L' parallels with line L?
or line L parallels with line L* if for two arbitrary points A=(f",---, f*) e,
B=(f?,---, f2)eL', || A-B|=0 and two arbitrary points C = (f,°,---, f°) e L?,

B C-D

D=(f>2,- f2)el?, [ C—D|0suchthat ~—5 _+ ,
IA-B|l [[C-D]

Definition 6.3 Let A=(f",---, f2), B=(f?, -, f2), C=(f°,---, <) and
D=(f",-, f) be four points in mdimension, if L, parallels with L, then we say
AB parallels with CD .

Theorem 6.1 Let F™ be a discrete image in m dimension, m>2 and A =(f",---, ),
B=(f?,---, f2) be two different image points in the image. Assume AB isa segment

constructed by image point A and image point B, then segment AB parallels with
k e{l, ---, m} axis of the m dimension coordination system, if and only if

f].A = fJ.B, forall j =Kk,
fl =12
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Proof

""" Let AB parallel with k e{l, ---, m} axis of the m dimension coordination system.
We construct two hyperplanes:

The hyperplane passes point A= (f",---, ) is
P,: TFe(y-A)=0 = y -f*=0

and the hyperplane passes point B = (f.2,---, f2) is
P,: TFe(y-B)=0 = y -f2=0,

where
1 k-1 k k+1 m . .
r=[0,---, 0,1, 0,---,0] is an unit vector of k axis,

y =(yy, -+, ¥) IS avariable with m components.

The intersection point of hyperplane P, and the axis (on the axis) is

Fe(v—-A)=0 _fA_ 1 k-1 K k1 m
V=A=0 _ Jy-fc=0 _ E=(©,--, 0, f* 0,---0)
y=0+tr y, =t

and the intersection point of hyperplane P, and the axis (on the axis) is

Fe(y—B)=0 _fb _ 1 k-1 ko ke m
(y ) = yk fk O — FI(O,"', O,ka, O,"',O),
y=0+tr y, =t

1 m
where 0=[0,---,0] and t e R. Since P, and P, have the same normal vector, P, parallels

with P,. Then segment AE parallels with segment BF . Hence ‘,@‘ = ‘EZ‘ . Since

"A\_B‘ :” A_B”:\/(flA - le)Z +-..+(fmA_ fn?)Z and
A= F-El=J(f* - 18),

we have

(FA = £8)2 o (R - 1202 + (R — £+ + (F - f0)? =0,
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that is

f].A = ij when j =k
fA = f2 '

To be sure points A and B are different, condition f.* = .2 should hold.

"<"  We have gotten the intersection points of hyperplanes, E and F, by the previous
calculation. Then we obtain

[AE| = A= Ell= (127 ++ (127 40+ (1) +-+ (1)

[BF/ =B~ Fll=(£,2)7 o+ (£2)7 + 0+ (121)2 +--+ (12)? .
Consider
—2 =2
Adz‘AE‘ —‘BF‘

= ()2 e (FA)2 404 (FA)2 4+ (F.2)?
S((£2)% 4+ (F2)2 40+ (F8)2 +--+(£.2)).

By f*=f/when j=k, Ad=0 and then ‘A_E‘ = ‘ﬁ:‘ An arbitrary point on line L, can
be written as

yO =A+tPB-A)t" eR,
where

y® ={y, -y},
yh= fAHt(FE—12), je( -, m}.

A=fB whenj=k
By{fl f; en j# then

fl =12

L f j=k
YiTYca oL/ ¢B Ay i :
fo+t2(f° - f,0) J=k

Then the hyperplane passing point y ={y\", ..., y-} is
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Py(L> . Te (y_y(L)) =0 = Yy, _(ka +1( ka - ka)>: 0
The intersection point of hyperplane Py(L) and the axis (on the axis) is

Folv_yvL)y_ _(fA 1B _ Ay
Foy-y)=0 _ [y ~(1A+tV (12 - Y)=0
y=0+tr Y =t

k+1 m

1 k-1 k
= G=(0,--, 0, fA+tO(fE -1, 0,---,0).

Hence the distance

GY®| Ay =G = (17 - (1) 0 ()P o (12
-
Since ‘Gy(L) = [AE] = [BF| holds for arbitrary t) R, by Definition 6.2 and 6.3, AB

parallels with k e {4, -- -, m} axis of the m dimension coordination system. O

In accordance with Theorem 6.1, c;, in classification matrix cF™, describes the relationship
of image point i with other image points:

e If ¢; >m-1 then image point i may share with (at least) one other image point a
same line which parallels with one axis of the coordinate system.

Put all such image points in set
N ={i:m-1<c, <mjie{l,---, n}c{L - n}. (6.10)

Some image points in set F® ={f. :i e N} may be on segments that parallel some axis of
m dimension. By Theorem 6.1, if some image points (more than one point) are on the same
segment then they have m—1 components that are the same. On this kind of segment, there
exist two points: one is an inferior point and the other is a superior point of the image. Hence,
we can distinguish these points on all segments in set F?. To find these image points on
each segment, efficiently, we design a matrix named as W,
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Womay =|W; [=[1 j-1 j+1 m . (6.11)

1 m-=1

L~ m_| L I mx(m-1)

We see that for arbitrary i e NY, 3k = chj we have set

IL,; = ﬂ{fm_fm k= Meir Mg +L N+t s —1}, jedfl -, m},

jew;

(6.12)

where n, ; isan elementin Nb =[n, ;] .m. t j isanelementin vr=[t, ;] ., and fm_f
is the location at F™ of element fm, ; thatisin FM™ =[fm; ;] - IFN(IL,; ;) >1, i.e., then
all image points in set {fk ke ILi,j} can construct a segment which parallels the jthaxis of

the coordinate system. And if N(IL; ;) =1 then the image point i is the only image point on
the line through it that parallels the jthaxis of the coordinate system.

All the segments will be obtained by formula (6.12) in accordance with (6.10) and (6.11).

6.2.5 Determination of F"~'® and Fs'P-LR

During the determination of F™*R and F*“*-*R e set two matrices named as Minand
Max to prepare for a multiobjective solution to obtain the non-dominated set and the
max_non-dominated set:

mll,l cee mll,] cee mll,m
Min=|mi, - mi; - mi, ,
Mgy oo My e M|

mal1 maLj mai,m

Max = mai,l mai,j mai’m . (613)

ma,, - man,j ceomay, g,

o dnxm
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Initially, set

Min=Max=FM _F™, (6.14)

mi; =ma ;= fm_f i=1---,nand j=1,---, m.

— 'ij

Formula (6.14) shows that an image point at location i, the number iwill be dropped at the
locations of its ordered components. The matrices will be updated:

ml =0 . inf_1,R
{ ki fiek k=f_fm and j=1--,m.

Ma; =0 f, g PR’

In the following, we will determine F"“*® and F*“**R meanwhile, updating matrices Min
and Max. In accordance to section 6.1.4, we have set IL;; for each i e N® and

jefl, .-, m}. If IL; ; =1for some ieN? and jefl,---, m} then we keep the statuses in

cF™, matrices Min and Max for these i € N? . The variation of these statuses is only
considered for those NTIL, ;) >1, ieN®and je{l,---, m}.

Foreach ieN® andevery je{L ---, m}, if NI(IL; ;) >1, i.e, there is a segment, such that
we find the minimal image point and maximal image point on this segment. They are

f, j=minf .. u;ell,;
L ij? i ij
J iell; j
f, j=maxf ., v,ell;
Vil L) J Ly
1 iell;

We denote iy, ; =U; and i, ; =V;, je{L, ---, m}. Obviously, iy, ; =i ; holds if

0 if i=imin’j =imax‘j
1 ifi=i_ . #i_ -
C, = L B o | I (6.15)
2 wheni =i #inn; i
m+1 otherwise
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to change the marks in classification matrix cF™ at location i to progressively form
characteristic matrix of image points cF™ . Then we apply the mapping matrix F_ FM ™ to
vary some elements in matrices Min and Max:

mik'j zmakj =0 for j:l'...’ m,When C; =m+1,

where k= f _ fm; ;.

Finally, we have the characteristic matrix of image point cF™, matrices Min and Max
from these two matrices, to get

F"IR —_ff, :c, =0orc, =1,i=1,---, n},
FUPtR —ff :c, =0orc, =2,i=1,---,n},

and
. 0 if ¢, =m+1lorc; =2 .
mi, j =1 . . , J=1--,m, (6.16)
i if c; =0orc; =1
and
Mo - = 0 if c,=m+1lorc; =1 1 (6.47)
%7 if ¢, —0orc, =2 ' ™ '

where k=f _fm,;.

6.3  Finding the Non-Dominated Set and Max Non-Dominated Set

Since F™ is a discrete set, F™™"® and F*“*** may not be (minandmax) non-dominated
sets. From Chapter 5, the non-dominated set is given by F"~"® and maxnon-dominated set
is given by F“*R In section 6.2.5, formed matrices Min and Max store numbers that are

numbered image points that are in F"=*® and F*“*-*R and are dropped on the locations of
ordered components.

Theorem 6.2 Let f,,ie{l, ---, n} be an image pointin F™, then f, is a non-dominated
point if and only if
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ﬁ {mi,; k=L, f_fm; ;}
U{r=fm_f,;:a=n,;,n,;+L---,n,; +t, ;-1 p=cf,; #0}

j=1

={i=mi ;, k=f_fm;}or {itU{0}
and f, is a max— non-dominated point if and only if

ﬁ {ma ; :k="f_fm;, f_fm ;+1--- n}
U{r: fm_ fqy] q :npyji np’J +ly Ty np,J +tp,j _11 p:CfI’J iO}

=1

={i}or{i=ma;, k= _fm, ;}U{0}.
Proof
We only prove the first part in this theorem.

Let f;,ie{l ---, n} be a non-dominated point; then according to the definition, no other
image point can dominate f;. That means no f, exists suchthat f,; < f,; for I e{L,---n}

and | =i. Inmatrix Min, for f;,ie{L ---, n}, we have

mlkJ,jzly kJ:f—fml,JY J:l,m

Assume f, dominates f, then there are two cases as follows.

<f

Casel f;<f;,

foreach je{l, ---m} 3k} = f _ fm, ; suchthat 1<k} <Kk;.

Because 1<k’ <k; foreach je{L ---m} then i,l e{mi, ; :k =1 ---, k;} for each
je{l, ---m}, hence

. m ({mi; tk=1--,k;}
i .
eﬂ U{r:fm_fq,j:q:np‘j,np'j+1,---,n ittt L p:cfi‘j #0}

j=1 p.J

That is
ﬁ {mik’J :k:].,"’,kj}
U{r=fm_f,;:q=n,;,n,; +L---,n,; +t,;, -1 p=cf; ; #0}

j=1

={i}or{i}U{0}

Case2 f; <f;; forsome je{l ---m} 3kj ="f_ fm; suchthat 1<k} <k; and

f,; =f,; forremaining je{l,---m} 3k} = f _ fm,; suchthat kj >k;.

1]
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We may divide set {1, --- m} as two sets: J, and J,, where

vjeld,, f,yj < fi,j such that 1< k} <kj,

3,NI, =,

By the proof in Case 1,
il e{mi ; :k=1---,0;;} foreach vjeJ,. Hence

A {mikJ :k:].,"‘,kj}
I,Ieﬂ ’
il U{r=fm_ foj:a=n,;n,;+L-n,;+t,, =1L p=cf,; 20}

#{i}or{i}U{0}

holds. Now consider j e J,.Because f,; =f;;, components f, ; and f;; are in the same

ijo

group p= cfi,j :

Lle{r=fm_f,;:q=n,;,n,;+L--,n,;+t,; -L p=cf,; #0}

for every j e J, component. Hence

ile )

jed,

({mikyj:kzl,---, f_fm ;} J
Ufr=fm_f,;:a=n,;,n,;+L -, n,; +t, ;-1 p=cf,; #0}

holds. It is clear that

[{mikYJ :k :1, Yy f_ fm”}

={i}or{i} U{0}
for Case 2.

It follows from the proofs of Case 1, Case 2 and the sufficient condition that there is no
dominating point f,. o
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Applying Theorem 6.2, we can find non-dominated points, max-non-dominated points from
set N® = cF™ and update set cF™ (if image point K is a dominated point then we set m+1
at c, ). Finally, we obtain non-dominated set and max non-dominated set:

Fu ={i:c, =1c, ecF"},

Fox ={i:C; =2,¢c; ecF"}.
6.4  Solving the Discrete Multicriteria Optimization Problem
The non-dominated and max non-dominated sets can be obtained by section 6.2. According
to Theorem 5.6 and Theorem 5.7, it follows from the mapping characteristic matrix r and
status matrix xr , see (6.1), that the solutions of discrete multicriteria optimization problem

are described as the following theorem.

Theorem 6.3 Let

Xoin = U{Xri,li T Xri,ri}v

ieFr’nnin
Vmin = Zri =NXmin)
ie':;1in
nmin = N(Fr?:in !

Xmax = U{Xri,l’ T Xri,ri}v

ieFmy
M = D06 = NXKme)
ieFrrn"ax
Nax = N(Frm ) -
Then
wE rmin > nmin
><min = xE rmin = nmin >1,
XsE rmin = nmin =1
and

XM_WE I’max > nmax

Xiax = X,\,,_E Max = N > 1.
=1

X

M_sE  Fmax = Mimax
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Referring to Chapter 5, Chapter 6 and all the notations therein, it is clear that Theorem 6.3

holds.

6.5 A Small Example: Finding the (min or max) Non-Dominated Point Set of
the Discrete Image F™(m=4)

The example shows the process of the direct method.

Let

(0.3
1.8
1.2
0.3
1.8

| 03

-

N

Fm =

N

[}

—h—h—hw—h—h—h

15
2.3
2.3
1.5
3.2
15

2.2
24
2.2
8.2
24
6.2

6.5
4.2
11
6.5
4.2

6.5

6x4

We obtain FM™, the component ordered matrix, and F FM ™ and FM_F™ | the associated

Permutation Matrices:

fm,
fm,
EM™ = fm, _
fm,
fm,

fmg

FFM™ =

wWw oo N B~ O
w oo N O b

0.3

0.3
0.3
1.2
1.8
1.8

g b ODN W B

15
15
15
2.3
2.3
3.2

o W ol PN D

16x4

2.2
2.2
2.4
2.4
6.2
8.2

1.1]
4.2
4.2
6.5
6.5
6.5

J6x4

FM_F" =

a NN w o b~

g w N O b

A OO O NN W

o M P O NN W

By FM™ and FM_F™, set the class for each component of every point:
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f[1 11 2 f,[4
f,l2 2 2 1 f,|4
f,/0 2 1 0 f,| 2
CFm:[Cfi,j]6X4:f4 1 1 0 2 CFm:[Ci]6X1:f4 3
fl2 0 2 1 f.|3
foll 1 0 2], fo| 3).,

By F_FM ™, find the starting number and the number of membersin F_ FM™ for each class
in every component:

_classll 11 2 _I_I__cla5313 3 2 2
class2|5 4 3 4],  class2|2 2 2 3],

Initially, set

Min=Max=FM_F" =

ga N W o b~
g w NN O b~
A OO O NN W
D A~ P O N W

L 16x4
Method 1:

Now, we can operate the initialized Min and Max to find min and max non-dominated sets
from FFM™, FM_F™,CF", Nb, TT in the first way.

Min U
fm_f,, =1 find the clesses of the givenpoint_, [cf,, cf,, cf 5 cf,,]=[1112]
find thefirst position and the number of classmembers in Nband TT [111 4] ’ [3 32 3]
find the last position for every conponentin Min matrix > [3326]
—— {1,4,6)N{, 4,6/N{3}N{3,2,51 4,6} ={1}
fm_f,, =4 find the dlsses of the given polnt_, [cf,, Cf,, Cf 45 Cf, ,]1=[1102]
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find thefirst position and the number of class members in Nb and TT N [11 0 4] , [3 30 3]

find the last position for every conponentin Min maxtrix N [3 3f fm4 . (6) 6]

—— {1,4,6}N{,4,6}N{,32,5,6,4/N{3,2,5,1, 4,6} ={L 4,6}

Point f, and point f, are dominated by points f,, and hence, we apply by the
informationin F FM ™:

[f_fm,, f_fm,, f_fm,, f_fm,,]=[2265] and
[f_fmg, f_fmg, f_fmg, f_ fmg,]1=[3356]

to delete them in Min:

Min =

g N W o O -
g W N O O -
o O o NN W B
O O 01 N W

L 16x4

fm_ f4‘1 =3 find the classes of the given point [Cf3,1 Cf3,2 Cf3,3 Cfsy4] — [0 21 0]

find thefirst positionand the number of the classmembers in Nband TT [0 41 0] [O 29 O]
7 1

find the last position for every conponentin Min maxtrix N [f B fm3,1(4) 52 f B fm3'4 (1)]

—> L3N 2, 3N 1L 3N B} ={3}

fm_ f5’1 -2 find the classes of the given point [Cf2’1 Cf2’2 Cf2,3 Cf2’4] — [2 22 1]

find the first positionand the number of the classmembers in Nband TT [5 43 2] [2 292 2]
7 ’

find the last position for every conponentin Min maxtrix N [6 5 4 3]

—— {,3,2,5,0/N{,0,2,3}N{L,3,2,5/N{3,2,5}={3, 2}
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Point f, is dominated by point f,, and then we apply theinformationin F_FM ™:
[f_fm,, f_fm,, f_fm,, f_fm,,]=[5432]

to delete number 2 in Min;

Min =

O O Ww O O Bk
g w O O O Bk
o O 01 O W B+
o O+ U1 O W

L 16x4

fm_ f6,1 =5 find the classes of the given point [Cfs,l Cf5’2 Cf5’3 Cf5’4] _ [2 02 1]

find the first positionand the number of the class members in Nband TT N [5 03 2] , [2 02 2]

find the last position for every conponentin Min maxtrix N [6 f B fm5 ) (6) 4 3]

——{,0,3,5}N{,0,3,5/N{,3,0,5}N{3,0,5}={0, 3,5}

Point f is dominated by point f;, and then we apply the informationin F_ FM ™ :
[f_fmg, f_fmg, f_fms, f_ fm;,]=[664 3] to delete number 5in Min:

Min =

O O kB O O W

O O w O O -
O W O O O K-
O O O O W K=

At the end, we have min non-dominated point set: {f,, f,}.
Max

We start from max ; .
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fm_ f6,1 =5 find the classes of the given point [Cfs,l Cf5’2 Cf5’3 Cf5’4] _ [2 02 1]

find the first position and the numberof the classmembers in Nb [5 03 2]

find the last position for every conponentin Max maxtrix N [5 f 3 fms ) (6) 3 2]

—— {2,5)N{5}N{2,5,6,4}N{2,5,1, 4, 6} ={5}

fm_ f5,1 =2 find the classes of the given point [sz,l Cf2’2 Cf2,3 Cf2’4] _ [2 2 21]

find thefirst positionand the number of the class members in Nb N [5 43 2]

find the last position for every conponentin Max maxtrix [5 4 3 2]

——{2,5)N{2,3,5}N{2,5,6,4}N{2,5,1 4,6} ={2, 5}

By f; is non-dominated point, we set

1 1 1 3] 1 1 1 3]
4 4 3 2 4 4 30
6 6 2 5 6 6 0 5
Max = =
3 251 3051
2 3 6 4 0 3 6 4
15 5 4 6/, 15 5 4 6|,
fm_ f4’1 -3 find the classes of the given point [Cfs,l Cf3Y2 Cf3’3 Cf3‘4] — [0 21 0]

find thefirst positionand the number of the classmembers in Nb [0 41 O]

find the last position for every conponentin Max maxtrix [f fm (4) 41 f fm (1)]
4 — 31 — 3,4

—— {3,0,5}N{0,3,5/N{,3,0,5,6,4}N1{3,0,5,1, 4, 6} ={3, 5, 0}.

As the reason before, we have
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111 3 111 3 1110
4 4 3 2 4 4 3 0 4 4 00
6 6 2 5 6 6 0 5 6 6 0 5
Max = = =
3 251 3 051 0 0 51
2 3 6 4 0 3 6 4 0 0 6 4
5 5 4 6/, 5 5 4 6], 5 5 4 6],
fm_ f311 =6 find the classes of the given point N [Cfe,l Cfe,z Cf6,3 Cf6,4] — [110 2]
find the first positionand the number of the class members in Nb N [11 0 4]
find the last position for every conponentin Max maxtrix [11 f fm (5) 4]
— 6,3
—— {1,4,6,0,5}N{, 4,6,0,5/N{6, 4}N{L 4, 6} ={4, 6}.
fm_ f2,1 =4 find the classes of the given point N [Cf4’1 Cf412 Cf4y3 Cf4‘4] — [110 2]
find the first positionand the number of the class members in Nb N [11 0 4]
find the last position for every conponentin Max maxtrix [11 f fm (6) 4]
— 4,3
—— {1,4,6,0,5}N{, 4,6,0,5}N{4}N{L 4,6} ={4}.
fm_ le =1 find the classes of the given point N [Cfl,l Cfl,z Cf1‘3 Cf1‘4] _ [111 2]

find the first positionand the number of the class members in Nb N [111 4]

find the last position for every conponentin Max maxtrix [1 1 1 4]

—— {1,4,6,0,5}N{L,4,6,0,5}N{L 4,6,0,5}N{L 4,6} ={L, 4, 6}.
We have max non-dominated point set {4, 5}

Method 2 (in this thesis):

We add two matrices:
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iy
o
iy

N
o
N

cEM = and W5 = [Wi,J' ]4><3 -

[ = )
NN W W
w > D

(3]
(¢}
(3]

4x(3-1)

—h = —h =h —h —h
s W
O o
S W

W W w N DD

o
o
o

L0 _16x1 L~ 16x1

The first step: using line concept

f,:
¢, =423, point f; may be on the same lines which parallels axes with other point(s).

find the class of the numberof point

N,

Parallelsol,: [wy, w,, w;;]=[2 3 4]

_ the first positionand the number of the classs member in Nband TT
[cf,, cfy5 cfy ,]=[112]

N

[114],[323] — {L4,6)N{L 3}N{L 4,6} ={8

No points on the line which parallelsol, and passes point f;.

find the class of the number of point

Parallelsol,: [w,, w,, W,,]1=[1 3 4]

_ the first positionand the number of the classs member in Nb and TT
[cf,, cfy5 cf 0 ]1=[112] >

[114],[323] — {4, 4,6}N{L 3}N{ 4,6}={1
No points on the line which parallels ol ,and passes point f;.

find the class of the numberof point

N

Parallelsol,: [wy; Wy, Wy,]=[1 2 4]

_ the first positionand the number of the classs member in Nband TT
[cf,, cf,, cf ,]=[112]

N

[114], [333] —— {1, 4,6}N{, 4,6}N{L 4,6}=1{L 4,6}
Points f,, f, and f; are on the same line which parallels ol,.

min{f, 5, f,3, fes}=f5 and max{f, 5, f 3, fo3k=f,5

62



FFM™

Operate Minand Max by position information

1113

0 0 3 2

0 025

3 251

2 300

550 0],

1113

4 4 3 2

6 6 2 5

3 251

2 3 6 4

5 5 4 6],

0 0 0 3
4 4 3 2

0 0 25

3250

2 30 4

55 4 0],

1113

4 4 3 2

3 2 651
2 3 6 4

5 5 4 6],

[L 3 4], we obtain

Use the same way for f, and [w,; w,, W, ;]

1113

0 0 3 2

0 020

3201

2 300

000 0],

1113

0 0 3 2

0 0 25

3 251

2 300

550 0],

1113

4 4 3 2

3 251

2 3 6 4

5 5 4 6],

0 00 3

4 4 3 0

0 005

3050

0 3 0 4

5 5 4 0],

0 00 3

4 4 3 2

0 025

3250
2 3 0 4

5 5 4 0],

111 3

4 4 3 2

6 6 2 5

3 251

2 3 6 4

55 4 6],

Max

The Second step (using Method 1)

Apply Method 1 on the matrices that are obtained:
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fm_ f5,1 =2 find the classes of the given point [sz,l Cf2,2 Cf2,3 Cf2’4] _ [2 2 21]

find the first positionand the number of the class members in Nb and TT N [5 43 2] , [2 292 2]

find the last positionfor every conponentin Min maxtrix N [6 54 3]

——{1,0,3,2}N{,0,2,3}N{0,1,3,2}N{3,2,0}={0,3, 2}

Point f, is not a dominated point, and then we apply the informationin F_FM ™:
[f_fm,, f_fm,, f_fm,; f_fm,,]=[5432] todelete number 2 in Min:

11 1 3] 1113
0 0 3 2 0 030
. 0 0 20 0 00O
Min = =
3201 3 001
2 300 0 300
10 0 0 OJ 6xa 0 00 0f,
The min non-dominated point set: {f,, f,}.
[0 0 0 3] [0 0 0 O
4 4 3 0 4 4 00
0 0 05 0 0 0 5
Max = =
3 050 0 050
0 3 0 4 0 00 4
15 5 4 0, 15 5 4 0f,
The max non-dominated point set: {f,, f5}.
f,[1]
f,5
. N f|1
By the way, final matrix cF™ =[c; ], , =15
4
.| 2
s _5_ 6x1
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Chapter 7 The Direct Method Algorithm of Solving the Discrete
Multiobjective Optimization Problem

Let X={x,,---, X,,} be feasible set, F__. be its mapping matrix, and r,, be mapping
characteristic matrix and xr, 5 be status matrix be given and formed.

Step 1 Form ordered matrix FM ., permutation matrix FM_F . and permutation

matrix F_FM .,
1-1 [FM,FM _F]<sort(F,n)
1-2  [~,F_FM]<sort(FM _F,n)

Step 2 Form component classification matrix CF,, , additional matrix Nb = [n,”.]ijm

and additional matrix TT =[t, ;] .., according to matrix FM .,

2-1 Canm <:Onxm’ SS1><m <:01><m
2-2 Doforj=1---m
In accordance with j column of sorted matrix FM

(1) Apply the principles of classification (6.6) in section 6.1.2 to
determine the class for each image point at column j (fill the

value in CF,.,)
(2) Determine the location in FM ; of the first image point in each
class (>1) and numbers in each class (fill the value in column j

in Nband TT)
(3) Find the numbers of classes in column j of F . or FM

(fill the value in column j in SS )
Enddo.

Step 3 Form image point classification matrix cF,,

1 ckRy<=0,,
2 Do fori=1---,n
In accordance with the rule of (6.7) in section 6.1.2 to fill in cF, for
image point i
Enddo.

3
3—

Step 4 Form matrix W, 1)

4-1 Follow formula (6.11) to form matrix W, 1
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Step 5 Fill in matrices Minand Max

5-1 Max,,,,Min_ ., <FM F,__.
5-2 Do fori=1---,n
Find the characteristic of i image point from cF,, matrix
If the value of the characteristic of iimage point > m-1
(1) Follow matrix W, 4, to find all points that are on the
same segments with i image point according to information
(cfi; 1=1---, m) of each component classification of

I image point in matrix CF,_,, and additional matrices
Nb, TT
(2) Find max and min points on each segment

(3) Apply permutation matrix F_FM ., to update matrices
Max Min,. ., and cF,, in accordance with the rules

nxm? nxm

(6.16), (6.17) and (6.15)

xm

Endif
Enddo.
to find the non-dominated sets

Step 6 Solve matrices Min . and Max

nxm nxm

6-1 Solve matrix Min__ to determine whether the image is a non-dominated

point
Do fori=n,---,1
(1) Find the value of the first column at i row
(2) If the value > 0, (i.e., the image point)
(i) Following Theorem (6.2) to find whether the image point is
a non-dominated point
(ii) If the image point is a dominated point then fill O at the
location f _ fmi'j, j=21---,m ineach columnin Min

nxm

nxm
and m+1 at location iin matrix cF
Endif

nx1

Enddo

6—-2 Solve matrices Max,, ., to determine whether the image is a non-dominated

point
Do fori=1---,n
(1) Find the value of the first column at i row
(2) If the value >0, (i.e., the image point)
(i) Following Theorem (6.2) to find whether the image point is
a non-dominated point

nxm
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(i) If the image point is a dominated point then fill O at the
location f _ fm; ;, j =1 ---, min each column in

Max . andm +1at location iin matrix cF

nxm nx1
Endif
Enddo
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Chapter 8 Several Examples of the Discrete Multiobjective
Optimization Problem

We design the software in accordance with the algorithm in Chapter 7 to solve several
examples of discrete multiobjective problems. The results, which include non-dominated set
and max-non-dominated set and the running time, will be listed. The software is designed in
MATLAB 6.5 and is performed on a computer:

System: Microsoft Window XP,
Compulter: Intel (R),

Pentium (R) 4 CPU 3.00GHz,
2.99 GHz. 504MB.

8.1  Examples of Non-Dominated Sets that can be Perceived by Inspection

8.1.1 Construct Image Points

Let ol ---1,, be coordinate system in me N* dimension space and the center of a super

m

sphere with radius r e N™ be located at point (r,---,r). All designed points are on the areas
of planes ol l;, j=2,---,m which are touched by the surface of the super sphere:

m
Z(XJ —r)? =r?, where (x,---, X,,) isa varied point at the surface. The area’s boundary
=1
can be described as
oll; plang j=2,---, m,

super sphere: > (x; —r)? =r?,

=1

Figure 5: the two intersection points of line L;, and an area of disk
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Let N; and N;, be the two intersection points of line L;, and an area of disk in oll;
plane:

X, =X, XeR
linel;, :<x; =k ke{l,---,r=1 je{2,---,m}
X, =0 s#1, j
m
super sphere: > (x; —r)? =r?
j=1

We pick up some points on the segments N; (N, ., j=2,---,m:

i -1 ] j+1 mo j-1 j j+ m
@,r,-, r,2r=k, r - r),(i,r, -, r, K r,r):
i:Nj,S’Nj,s +1,"',Nj’e,ﬁjys:r_n1

e=r+nlnl= fix(\/W)

Nje
k=1 r-1j=2--m

where n1<,/k(2r —k) <nl+1,nle N" U{O}. In addition, some points are on |, axis,
m
B:{(i, r,---,r):i=0,1,---, Zr}.

All image points are formed by AUB .

8.1.2 Construct Set F™

Let n be the number of image points in set AU B . Change the n points order state in set
AU B by random permutation to obtain a random permutation of the integers 1~n:

random permutation

AUB —  F",

where
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AUB=F"=|f |=| f,, - f . - fiym

fr o oo fam]
8.1.3 Examples and Results
Example 1 r=5m=3.

We obtain the total number of image points = 147, the number of min points = 5, and the
number of max points = 5 and elapsed time = 0.0930 seconds. The solutions are

Number The Coordinates of the (min) non-dominated points
115 0 55
63 1 5 2
72 1 2 5
20 2 1 5
139 2 51
Number The Coordinates of the (max) non-dominated points
59 8 9 5
132 8 5 9
58 9 5 8
144 9 8 5
86 10 5 5

Figure 6 shows the results on the planes:

oll, plane:  j1=1j2=2,
ol l; plane:  j1=1j2=3.
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fin - bax Points

9 T + + t t t + ¥ T
G * * * * * * - - + -
? = - - - - - - - - - -
E - - - - - - - - - - —
Fﬂ\ 54{- * * * * * * L] L] L] E
4+ * * * * * * * * * -
Sk * * * * * * * * * -
2 - + - - - - - - L * PDintS
4 Min
1 | * Fi Fi Fi Fi Fi -*- Ma}{
0 1 2 3 4 5 B 7 ] 9 10

Figure 6: image points, min points and max points in Example 1
Example 2 r=8m=4.

The total number of image points = 551, the number of min points = 13, and the number of
max points = 13 and elapsed time = 0.2190 seconds. The solutions are

Number The Coordinates of the (min) non-dominated points
337 0 8 8 8
144 1 5 8 8
262 1 8 5 8
532 1 8 8 5
35 2 8 3 8
505 2 8 8 3
543 2 3 8 8
24 3 8 8 2
124 3 2 8 8
402 3 8 28
229 5 8 81
503 5 8 1 8
539 51 8 8
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Number The Coordinates of the (max) non-dominated points

159 11 8 8 15
393 11 8 15 8
491 11 15 8 8
60 13 14 8 8
250 13 8 8 14
410 13 8 14 8
311 14 13 8 8
323 14 8 13 8
377 14 8 8 13
66 15 11 8 8
105 15 8§ 8 11
483 15 8 11 8
453 16 8 8 8
bdin - Max Points
15 T T T T T ¥ T T
* * * * * * - - - - *
- L] L] L] L] L] L] L] L] L] L] - *
* * * * * * * * - - - - * * +
10 F . . L L L L L . - - - - . . . -
o - - - - - - - - . - - - - - - - -
5 # - - - - - - . - - - - - - - -
-+ * * * * * * - - - - - -
E 3 L] L] L] L] L] L] L] L] L] M Points
E - - - - - - # M|n
|:| 1 | 1 1 1 1 -*_ Ma}{
0 2 4 B i 10 12 14 16

i1
Figure 7: image points, min points and max points in Example 2
Figure 7 shows the results on the planes:

ol l, plane:  j1=1j2=2,
ol l; plane:  j1=1j2=3,
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ol |, plane:  j1=1j2=4,
Example 3 r=20,m=8.

The total created number of image points = 8539, the min points = 78, and the max points =
78 and running time = 43.1710 seconds. The solutions are

Number The Coordinates of the (min) non-dominated points
3196 0 20 20 20 20 20 20 20
843 1 20 20 14 20 20 20 20
3022 1 20 14 20 20 20 20 20
7225 1 14 20 20 20 20 20 20
7423 1 20 20 20 20 20 14 20
7632 1 20 20 20 20 20 20 14
7899 1 20 20 20 14 20 20 20
7915 1 20 20 20 20 14 20 20
1589 2 20 12 20 20 20 20 20
3661 2 20 20 20 20 20 12 20
5896 2 20 20 20 12 20 20 20
6551 2 12 20 20 20 20 20 20
6759 2 20 20 20 20 12 20 20
6991 2 20 20 20 20 20 20 12
7016 2 20 20 12 20 20 20 20
521 3 20 20 10 20 20 20 20
2113 3 10 20 20 20 20 20 20
3095 3 20 10 20 20 20 20 20
4185 3 20 20 20 20 10 20 20
5153 3 20 20 20 20 20 10 20
7702 3 20 20 20 10 20 20 20
7843 3 20 20 20 20 20 20 10
643 4 20 20 20 20 20 8 20
2055 4 20 20 8 20 20 20 20
2813 4 20 8 20 20 20 20 20
3191 4 20 20 20 20 20 20 8
3947 4 8 20 20 20 20 20 20
7960 4 20 20 20 8 20 20 20
8437 4 20 20 20 20 8 20 20
2010 5 20 20 7 20 20 20 20
2415 5 20 7 20 20 20 20 20
3018 5 7 20 20 20 20 20 20
5155 5 20 20 20 20 7 20 20
6850 5 20 20 20 20 20 20 7
7506 5 20 20 20 7 20 20 20
7569 5 20 20 20 20 20 7 20
2921 6 20 20 20 6 20 20 20
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Number The Coordinates of the (min) non-dominated points

3764 6 20 6 20 20 20 20 20
5359 6 20 20 6 20 20 20 20
7158 6 20 20 20 20 20 20 6
7739 6 20 20 20 20 6 20 20
8173 6 20 20 20 20 20 6 20
8442 6 6 20 20 20 20 20 20
1962 7 5 20 20 20 20 20 20
2439 7 20 20 20 5 20 20 20
4952 7 20 20 20 20 20 5 20
5102 7 20 20 5 20 20 20 20
6568 7 20 20 20 20 S5 20 20
8459 7 20 20 20 20 20 20 5
8468 7 20 5 20 20 20 20 20
200 8 20 4 20 20 20 20 20
910 8 420 20 20 20 20 20
2277 8 20 20 20 20 20 20 4
3009 8 20 20 20 4 20 20 20
3494 8 20 20 20 20 20 4 20
3631 8 20 20 20 20 4 20 20
8267 8 20 20 4 20 20 20 20

328 1020 3 20 20 20 20 20
1572 10 20 20 20 3 20 20 20
1632 10 20 20 20 20 20 20 3
2589 10 20 20 20 20 3 20 20
3501 10 20 20 20 20 20 3 20
6497 10 3 20 20 20 20 20 20
8241 10 20 20 3 20 20 20 20
886 12 20 2 20 20 20 20 20
1684 12 20 20 20 20 20 20 2
2548 12 2 20 20 20 20 20 20
2870 12 20 20 20 2 20 20 20
3437 12 20 20 20 20 20 2 20
7134 12 20 20 20 20 2 20 20
8052 12 20 20 2 20 20 20 20
1141 14 20 20 20 20 20 20 1
3412 14 20 20 20 20 20 1 20
3542 14 20 20 20 1 20 20 20
3639 14 20 1 20 20 20 20 20
4476 14 20 20 1 20 20 20 20
5878 14 1 20 20 20 20 20 20
7829 14 20 20 20 20 1 20 20
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Number The Coordinates of the (max) non-dominated points

1562 26 20 39 20 20 20 20 20
2874 26 20 20 39 20 20 20 20
4540 26 20 20 20 20 20 20 39
5779 26 20 20 20 20 20 39 20
6277 26 39 20 20 20 20 20 20
7817 26 20 20 20 39 20 20 20
8124 26 20 20 20 20 39 20 20
33 28 20 38 20 20 20 20 20
695 28 20 20 38 20 20 20 20
1546 28 20 20 20 20 20 38 20
3553 28 20 20 20 20 38 20 20
5235 28 20 20 20 38 20 20 20
6960 28 20 20 20 20 20 20 38
7429 28 38 20 20 20 20 20 20
375 30 20 20 20 20 20 37 20
543 30 20 37 20 20 20 20 20
3259 30 20 20 20 37 20 20 20
4173 30 20 20 37 20 20 20 20
5109 30 20 20 20 20 20 20 37
6263 30 20 20 20 20 37 20 20
7752 30 37 20 20 20 20 20 20
79 32 20 20 36 20 20 20 20
669 32 20 20 20 20 20 20 36
706 32 36 20 20 20 20 20 20
985 32 20 36 20 20 20 20 20
1657 32 20 20 20 36 20 20 20
1859 32 20 20 20 20 20 36 20
8511 32 20 20 20 20 36 20 20
3926 33 20 20 20 20 35 20 20
4263 33 20 20 35 20 20 20 20
4280 33 20 20 20 35 20 20 20
5384 33 20 20 20 20 20 20 35
5706 33 20 35 20 20 20 20 20
8182 33 20 20 20 20 20 35 20
8482 33 35 20 20 20 20 20 20
1698 34 34 20 20 20 20 20 20
2912 34 20 20 34 20 20 20 20
3797 34 20 20 20 20 34 20 20
4301 34 20 20 20 20 20 20 34
5429 34 20 20 20 34 20 20 20
5822 34 20 34 20 20 20 20 20
7793 34 20 20 20 20 20 34 20
345 35 20 20 20 20 20 20 33
2925 35 20 20 20 33 20 20 20
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Number The Coordinates of the (max) non-dominated points

3870 35 20 20 33 20 20 20 20
6432 35 20 33 20 20 20 20 20
7034 35 33 20 20 20 20 20 20
7583 35 20 20 20 20 20 33 20
7963 35 20 20 20 20 33 20 20
3094 36 20 20 20 32 20 20 20
5824 36 20 32 20 20 20 20 20
6315 36 20 20 20 20 20 20 32
6331 36 20 20 20 20 32 20 20
6376 36 20 20 32 20 20 20 20
7189 36 32 20 20 20 20 20 20
8390 36 20 20 20 20 20 32 20
317 37 30 20 20 20 20 20 20
1576 37 20 20 20 30 20 20 20
2751 37 20 30 20 20 20 20 20
3026 37 20 20 30 20 20 20 20
3226 37 20 20 20 20 20 30 20
3499 37 20 20 20 20 30 20 20
4199 37 20 20 20 20 20 20 30
785 38 28 20 20 20 20 20 20
1789 38 20 20 20 28 20 20 20
2195 38 20 20 20 20 20 28 20
5543 38 20 20 28 20 20 20 20
6517 38 20 20 20 20 20 20 28
7036 38 20 28 20 20 20 20 20
7437 38 20 20 20 20 28 20 20
1448 39 26 20 20 20 20 20 20
2067 39 20 20 20 20 20 20 26
2907 39 20 26 20 20 20 20 20
3958 39 20 20 20 20 20 26 20
5060 39 20 20 20 26 20 20 20
7263 39 20 20 26 20 20 20 20
8320 39 20 20 20 20 26 20 20
5962 40 20 20 20 20 20 20 20

Figure 8 shows the results on the planes:

oll, plane:  j1=1j2=2,
ol l; plane:  j1=1j2=3,
ol |, plane:  j1=1j2=4,
ol l; plane:  j1=1j2=5,
ol ls plane:  j1=1j2=6,
ol |, plane:  j1=1j2=7,
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1j2=8.

1=

ol Iy plane:
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Figure 8: image points, min points and max points in Example 3

50, m=10

r

Example 4

The total number of image points is 69779; the the number of the min points obtained is 262

and the max points is 262. The running time is much larger than the previous three examples,

that is 1934.815 seconds (32 minutes 14.815 seconds). The detail solutions are listed in
Appendix 1l. Here, we only provide the Figure which is obtained by running the software.
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8.2.2 Examples and Results
Example 5 n=147, m=3and rr =10.
Elapsed time is 0.083852 seconds. For detailed results, see Appendix 111 (a).
Example 6 n=551, m=4and rr =16.
For detailed results, see Appendix 11 (b).
Example 7 n=38539, m=8and rr =40.
Elapsed time is 175.449175 seconds. For detailed results, see Appendix Il (c).

8.3  Special Example of Non-Dominated Set can be Directly Perceived by
Inspection

8.3.1 Construct Image Points

Fx =rand(n)=rr,

F(1,1) =Fx(), =121,

F@, j)=-Fx@)+rr, i=42,---,n; j=12,---,m,
where n =70000, m=10and rr =200.
8.3.2 Results

Elapsed time is 518 mintues. For partial results, see Appendix 11 (d).

79



Chapter 9 Conclusion and Further Research
9.1  Conclusion

In this thesis, it has been clear that: the Multicriteria Optimization Problem is, in geometry,
finding a requested partial boundary of an image, which is mapped by a feasible set and
inverting the partial boundary. The requested partial boundary is filtered by various filters (a
kind of non-dominated) designed by an operator. The author of the thesis applies synthesized
knowledge of analysis, algebra and geometry to strictly prove the facts and develop an
algorithm for MOP and M _ MOP . Based on solutions to the multiobjective optimization

problem being the main subject of solving MOP (M _ MOP) and most MOP (M _MOP)

being discrete (or discrete and continuous), the author designed a software selection partially
listed in Index | in MATLAB for solving discrete multiobjective problems. The results of
running several examples are listed in Chapter 8 and Index I1. This research opens up giant
applications of MOP and M _ MOP in all fields such as management, engineering, medical

science and so on, and also establishes a solid foundation for further research in the
MOP field.

There is a lot of further research to be done in this field, including theory and applications.
We list some of them as the follows.

9.2 Further Research

Data Classification

The experimental data, statistical data and simulated data are mostly huge and high
dimension need in classification. We can use MOP (M _ MOP) to obtain the initial set as the

first class by using a type of filter, then we can take away these points and obtain a set of
new points as a second class. Continuing the work at the terminal, we will obtain a base
which contains these classes in using the same filter. Using the obtained base, we can then
construct a group. If there are U multicriteria optimization classes in the base then we can

construct a group which contains 2" different classes. The data classes depend on the selected
filter (the requirement in the application). The multicriteria optimization classification has to
be researched and completed in this field.

Data classification should include resource classification such as human resources, company
resources, natural resources, school resources, and so on. For example, the (discipline)
multicriteria optimization classification determines the class of a person in his/her best work
field(s). The student and employee multicriteria optimization classification are also very
useful.

Date classification also involves dynamic multicriteria optimization classification because of
dynamic data.
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In private companies, the classification can be used rationally for all kinds of resources.
Management Application

Management systems make some decisions in accordance with the obtained information (an
image in criteria space).

For example, the government of a country may have a very clear picture of the human
resources, company resource, natural resources, school resources, and so on, which
governments could use when they need to optimize decisions, such as opening or closing a
school, opening or closing some majors in universities, setting new research projects,
investments, and courses setting in university, immigration types, and so on. The optimal
decision set will be found by solving the multicriteria optimization. The government will
make appropriate decisions for the country development.

The multicriteria optimization can be applied in insurance management and (banks)
investment management. An insurance owner can manage his company well and reduce his
costs (rent and employees) and customers see very clearly how and why we are in this class
and paying. In investing, we can determine risk level we are in.

A military organization that selects a team from staff to fulfill a special task is also a
multicriteria optimization problem. It is a team optimization according to the special task and
the military qualities of every member of the team. Each member of the team may be in
different classes in the military.

The Multicriteria Optimization Control

We have mentioned a typical example of a multicriteria optimization control problem in
section 2.1, an automatic control system design of a type of flying vehicle.

During the flying of an airplane, such as landing or taking off, we obtain the class risk of
status of the airplane and the optimal operations set in any flying point, we will give the best
suggestions to the pilot to obtain the best flying control.

In fact, we have lots of work to do in this field. Here, we list only a few of them. We would
leave it to the reader find others.
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Appendix |

Software for Solving the Discrete Multiobjective Problem

clc;
clear all;

fprintf("**** Please Input Initial Information Using Keyboard as the Following ****\n\n");
r=input('The Radius of the Super sphere =");

dm=input('The Dimension of the Super sphere =");

nr=fix(r+0.001);

m=fix(dm+0.01);

nu=nr-1;

nu2=nu*2;

Ns=zeros(nu,1);
Ne=zeros(nu,1);

sum=0;

for k=1:nu;
n1=fix(sqrt(k*(2*nr-k)));
Ns(k,1)=nr-n1;
Ne(k,1)=nr+nl;
sum=sum+2*nl1+1;

end

n=2*sum*(m-1)+2*nr+1;
MA=randperm(n);
F=nr*ones(n,m);

iii=0;
for i=1:2*nr+1;
i1=MAC(iii);
F(i1,1)=i-1;
end
for j=2:m;
for k=1:nu;
for i=Ns(k,1):Ne(k,1);
i1=MAC(iii);
F(i1,1)=i;
F(il,j)=k;
i1=MAC(iii);
F(i1,1)=i;
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F(i1,j)=nr+nu-k+1;
end

end
end
clear(MAY;
clear('Ns);
clear('Ne");

tic;
[FM, FM_F]=sort(F,1);
[~, F_FM]=sort(FM_F,1);

CF=zeros(n,m);
SS=zeros(1,m);

*kk*k

*kkk

Min=zeros(n,m);
Max=zeros(n,m);
ILO=zeros(n,1);

toc;

fprintf('**** Please V******************** 1111\”\”‘)
pause

tic;
Min=FM_F;
Max=FM_F;
fori=1:n;
if (cF(i,1) > m-2);
forij=1:m;
foril=1:n;
ILO(i1,1)=i1;
end
for j=1:m-1;
h=WW(ij,j);
kc=CF(i,h);

VV=zeros(n,1);
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if (kc ==0);

*kkk

*kk*k

end

fori2=1:n;
na=abs(IL0(i2,1)-VV(i2,1));
if (na>0);

IL0(i2,1)=0;

end

end

end

IL1=zeros(n,1);
kke=0;
fori2=1:n;
if (ILO(i2,1) > 0);
kke=kke+1;
IL1(kke,1)=1L0(i2,1);
end
end

maxi=0;
mini=800;
for it=1:kke;
ii=1L1(it,1);
if (F(ii,ij) > maxi);
maxi=F(ii,ij);
i_max=it;
end

if (F(ii,ij) < mini);
mini=F(ii,ij);
i_min=it;
end
end

for it=1:kke;

ii=IL1(it);

if (it == i_max);
cF(ii,1)=m-1;

elseif (it == i_min);
ck(ii,1)=-1;
for jj=1:m;

kk=F_FM(iijj);
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Max(kk,jj)=0;
end
else
cF(ii,1)=0;
for jj=1:m;
kk=F_FM(ii,jj);
Min(kk,jj)=0;
Max(kk,jj)=0;
end
end
end
end
end
end

toc;

fprintf("*** Please y*x#xxirsiiikx

pause

tic;
fori=1:n;
iis=Min(i,1);
if (iis > 0);
foril=1:n;
ILO(i1,1)=i1;
end

*kkx

*kkx

n_min=nnz(IL0);
if (n_min > 1);
for j=1:m;
ie=F_FM(iis,));
Min(ie,j)=0;
end;
end
end
end

fori=n:-1:1;
iis=Max(i,1);
if (iis > 0);
for s=1:n;
ILO(s,1)=s;

2222\n\n"Y;
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end

*khkk

*kk*k

n_max=nnz(IL0);
if (n_max > 1);
for j=1:m;
ie=F_FM(iis,j);
Max(ie,j)=0;
end;
end
end
end

clear('IL0"Y;
clear('IL1Y;

ms=0;
me=0;
fori=1:n;
iis=Min(i,1);
if (iis > 0);
ms=ms+1;
nods(ms,1)=iis;
end
iie=Max(i,1);
if (iie > 0);
me=me+1;
node(me,1)=iie;
end
end

toc;

fprintf('**** Please V******************** 4444\”\”‘)
pause

P_s=zeros(ms,m);
P_e=zeros(me,m);
fprintf (' Number The Coordinates of Min Point \n");
for i=1:ms;

ii=nods(i,1);

fprintf (' %4d ',ii);

for j=1:m;

P_s(i,j)=F(ii,j);
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fprintf ('%4d ', F(ii,j));
end
fprintf(\n");
end
fprintf(\n\n’);
fprintf (' Number The Coordinates of Max Point \n");
for i=1:me;
ii=node(i,1);
fprintf (' %4d 'ii);
for j=1:m;
P_e(i,j)=F(ii,j);
fprintf ('%4d ', F(ii,j));
end
fprintf(\n’);
end
fprintf(\n\n";

IG0=zeros(m,1);
IG=zeros(m-2,1);
for j3=1:m;
1G0(j3,1)=j3;
end
for j1=1;
for j2=2:m;
fprintf(‘plane j10j2: j1=%3d j2=%3d 'j1,j2);
fprintf(\n");

ik=0;
for j3=1:m;
na=abs(1G0(j3,1)-j1);
nb=abs(1G0(j3,1)-j2);
nab=na*nb;
if (nab > 0);
ik=ik+1;
IG(ik,1)=1G0(j3,1);
end
end

ie=0;

for i=1:n;
ih=0;
for jk=1:ik;
k1=1G(jk,1);
ih=ih+nr-F(i,k1);
end
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if (ih==0);
ie=ie+1;
Fi(ie,1)=F(i,j1);
Fi(ie,2)=F(i,j2);
end
end

ie1=0;

for il=1:ms;
ih1=0;
for jk=1:ik;
k1=1G(jk,1);
ihl=ih1+nr-P_s(i1,k1);
end
if (ihl ==0);
iel=iel+1;
P_sl(iel,1)=P_s(i1,j1);
P_s1(iel,2)=P _s(il,j2);
end
end

ie2=0;

for i2=1:me;
ih2=0;
for jk=1:ik;
k1=1G(jk,1);
ih2=ih2+nr-P_e(i2,k1);
end
if (ih2 == 0);
ie2=ie2+1;
P_el(ie2,1)=P_e(i2,j1);
P_el(ie2,2)=P_e(i2,j2);
end
end

plot(F1(:,1),F1(:,2),"",P_s1(:,1),P_s1(:,2),*",P_el(:,1),P_el(:,2),™")
xlabel(' j17)
ylabel(' j2 )
title('Min - Max Points’)
legend('Points’,'Min','Max")
pause
end
end
fprintf(\n\n’)
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Appendix 11

A Detailed Results for Example 4

Number The Coordinates of the (min) non-dominated points
36295 0 50 50 50 50 50 50 50 50 50
9969 1 50 50 50 50 41 50 50 50 50
14554 1 50 50 50 50 50 41 50 50 50
15537 1 50 41 50 50 50 50 50 50 50
24632 1 50 50 50 50 50 50 50 41 50
25649 1 50 50 50 41 50 50 50 50 50
44937 1 50 50 50 50 50 50 41 50 50
49477 1 50 50 50 50 50 50 50 50 41
51050 1 50 50 41 50 50 50 50 50 50
55612 1 41 50 50 50 50 50 50 50 50
2618 2 50 50 50 50 36 50 50 50 50
18718 2 50 50 36 50 50 50 50 50 50
22809 2 50 50 50 50 50 50 36 50 50
26571 2 50 50 50 50 50 36 50 50 50
34071 2 50 50 50 50 50 50 50 50 36
38658 2 50 36 50 50 50 50 50 50 50
40806 2 36 50 50 50 50 50 50 50 50
47517 2 50 50 50 50 50 50 50 36 50
64695 2 50 50 50 36 50 50 50 50 50
2941 3 50 50 50 50 50 50 50 33 50
9058 3 50 33 50 50 50 50 50 50 50
32286 3 33 50 50 50 50 50 50 50 50
38747 3 50 50 50 50 33 50 50 50 50
47252 3 50 50 33 50 50 50 50 50 50
50573 3 50 50 50 33 50 50 50 50 50
53036 3 50 50 50 50 50 50 33 50 50
54725 3 50 50 50 50 50 50 50 50 33
62344 3 50 50 50 50 50 33 50 50 50
23859 4 50 50 50 50 50 50 50 50 31
28357 4 31 50 50 50 50 50 50 50 50
36943 4 50 50 31 50 50 50 50 50 50
42162 4 50 50 50 50 50 50 31 50 50
42430 4 50 50 50 31 50 50 50 50 50
54073 4 50 31 50 50 50 50 50 50 50
57835 4 50 50 50 50 31 50 50 50 50
58855 4 50 50 50 50 50 50 50 31 50
59846 4 50 50 50 50 50 31 50 50 50
10567 5 50 50 50 29 50 50 50 50 50
12214 5 29 50 50 50 50 50 50 50 50
19912 5 50 50 50 50 50 50 50 50 29
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43368
47138
64737
3063
5635
25630
48642
50757
52154
53097
68228
68656
8946
12655
18160
19878
43103
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56554
62692
67333
486
10018
19639
21055
23733
25529
29270
30944
56367
15078
17123
19576
24383
30357
41974
61167
61625
66563
1978
2593
5152
14341
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40915
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47425
48033
68767
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11240
15328
16104
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48745
60703
815
8356
49097
58993
59779
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60417
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35537
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52288
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11606
23996
32734
55289

20
20
20
22
22
22
22
22
22
22
22
22
23
23
23
23
23
23
23
23
23
25
25
25
25
25
25
25
25
25
27
27
27
27
27
27
27
27
27
29
29
29
29
29
29
29

50
50
50
50
50
50
50
50
50
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55462 29 50 5 50 50 50 50 50 50 50

60049 29 50 50 50 50 50 50 50 5 50
3794 31 50 4 50 50 50 50 50 50 50
5571 31 50 50 50 50 50 50 50 50 4
8900 31 50 50 50 50 50 50 4 50 50
15067 31 50 50 50 4 50 50 50 50 50
16875 31 4 50 50 50 50 50 50 50 50
32392 31 50 50 4 50 50 50 50 50 50
36514 31 50 50 50 50 4 50 50 50 50
59658 31 50 50 50 50 50 4 50 50 50
59781 31 50 50 50 50 50 50 50 4 50
2064 33 50 50 50 50 50 3 50 50 50
3806 33 50 50 3 50 50 50 50 50 50
13074 33 50 50 50 50 50 50 3 50 50
18366 33 3 50 50 50 50 50 50 50 50
33478 33 50 50 50 3 50 50 50 50 50
47559 33 50 50 50 50 3 50 50 50 50
49620 33 50 50 50 50 50 50 50 3 50
59738 33 50 3 50 50 50 50 50 50 50
64603 33 50 50 50 50 50 50 50 50 3
11668 36 50 50 50 50 50 50 50 50 2
19253 36 50 50 50 50 50 50 2 50 50
24599 36 50 50 50 50 2 50 50 50 50
26966 36 50 50 50 50 50 2 50 50 50
36233 36 50 50 2 50 50 50 50 50 50
47924 36 50 2 50 50 50 50 50 50 50
50167 36 2 50 50 50 50 50 50 50 50
62819 36 50 50 50 2 50 50 50 50 50
68281 36 50 50 50 50 50 50 50 2 50
8860 41 1 50 50 50 50 50 50 50 50
11875 41 50 50 50 50 50 50 1 50 50
11904 41 50 50 50 50 50 50 50 50 1
14284 41 50 50 50 50 50 50 50 1 50
25136 41 50 1 50 50 50 50 50 50 50
25528 41 50 50 50 50 1 50 50 50 50
34283 41 50 50 1 50 50 50 50 50 50
53474 41 50 50 50 50 50 1 50 50 50
56332 41 50 50 50 1 50 50 50 50 50
Number The Coordinates of the (max) non-dominated points
2229 59 50 50 50 50 99 50 50 50 50
4673 59 50 99 50 50 50 50 50 50 50
10960 59 50 50 50 50 50 50 50 50 99
15134 59 99 50 50 50 50 50 50 50 50
15674 59 50 50 50 50 50 50 99 50 50
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50
71
50
50
50
50
50
50
50
50
50
69
50
50
50
50
50
50
50

50
50
50
50
50
50
77
50
50
50
50
50
50
50
50
75
50
50
50
50
73
50
50
50
50
50
50
50
50
50
50
50
50
71
50
50
50
50
50
50
69
50
50
50
50
50



22679 97 50 50 50 50 67 50 50 50 50

25817 97 67 50 50 50 50 50 50 50 50
33275 97 50 50 50 50 50 50 67 50 50
35246 97 50 50 50 50 50 50 50 67 50
47644 97 50 50 50 50 50 50 50 50 67
52792 97 50 67 50 50 50 50 50 50 50
53570 97 50 50 50 67 50 50 50 50 50
66734 97 50 50 67 50 50 50 50 50 50
4822 98 50 64 50 50 50 50 50 50 50
13982 98 50 50 50 50 50 64 50 50 50
16765 98 50 50 64 50 50 50 50 50 50
34899 98 50 50 50 50 50 50 50 50 64
38887 98 50 50 50 50 64 50 50 50 50
49845 98 50 50 50 50 50 50 64 50 50
59305 98 50 50 50 50 50 50 50 64 50
64868 98 64 50 50 50 50 50 50 50 50
67120 98 50 50 50 64 50 50 50 50 50
6059 99 50 50 59 50 50 50 50 50 50
17910 99 50 50 50 50 50 50 59 50 50
23246 99 50 50 50 50 50 50 50 59 50
33146 99 50 50 50 50 59 50 50 50 50
35001 99 50 50 50 50 50 50 50 50 59
41889 99 59 50 50 50 50 50 50 50 50
50377 99 50 50 50 59 50 50 50 50 50
51631 99 50 50 50 50 50 59 50 50 50
64215 99 50 59 50 50 50 50 50 50 50
52981 100 50 50 50 50 50 50 50 50 50
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Appendix 111

(@) A Detailed Results for Example 5

Number The Coordinates of Points of F

2.2404 7.8996 1.8419
6.6783 3.1852 5.9721
8.4439 5.3406 2.9994
3.4446 0.8995 1.3412
7.8052 1.1171 2.1260
6.7533 1.3629 8.9494
0.0672 6.7865 0.7145
6.0217 4.9518 2.4249
3.8677 1.8971 0.5375
9.1599 4.9501 4.4172
0.0115 1.4761 0.1328
4.6245 0.5497 8.9719
4.2435 8.5071 1.9666
4.6092 5.6056 0.9337
7.7016 9.2961 3.0737
3.2247 6.9667 4.5606
7.8474 5.8279 1.0167
4.7136 8.1540 9.9539
0.3576 8.7901 3.3209
1.7587 9.8891 2.9735
7.2176 0.0052 0.6205
4.7349 8.6544 2.9824
1.5272 6.1257 0.4635
3.4112 9.8995 5.0543
6.0739 5.2768 7.6143
1.9175 4.7952 6.3107
7.3843 8.0135 0.8989
2.4285 2.2784 0.8086
9.1742 4.9809 7.7724
2.6906 9.0085 9.0513
7.6550 5.7466 5.3377
1.8866 8.4518 1.0915
2.8750 7.3864 8.2581
0.9111 5.8599 3.3810
5.7621 2.4673 2.9397
6.8336 6.6642 7.4631
5.4659 0.8348 0.1034
4.2573 6.2596 0.4845
6.4444 6.6094 6.6792
6.4762 7.2975 6.0347

Boo~vwouour~wne
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41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86

6.7902
6.3579
9.4517
2.0893
7.0928
2.3623
1.1940
6.0730
4.5014
4.5873
6.6194
7.7029
3.5022
6.6201
4.1616
8.4193
8.3292
2.5644
6.1346
5.8225
5.4074
8.6994
2.6478
3.1807
1.1921
9.3983
6.4555
4.7946
6.3932
5.4472
6.4731
5.4389
7.2105
5.2250
9.9370
2.1868
1.0580
1.0970
0.6359
4.0458
4.4837
3.6582
7.6350
6.2790
7.7198
9.3285

8.9075
9.8230
7.6903
5.8145
9.2831
5.8009
0.1698
1.2086
8.6271
4.8430
8.4486
2.0941
5.5229
6.2988
0.3199
6.1471
3.6241
0.4953
4.8957
1.9251
1.2308
2.0549
1.4651
1.8907
0.4265
6.3520
2.8187
5.3860
6.9516
4.9912
5.3580
4.4518
1.2393
4.9036
8.5300
8.7393
2.7029
2.0846
5.6498
6.4031
4.1703
2.0598
9.4793
0.8207
1.0571
1.4204

5.2610
7.2971
7.0725
7.8138
2.8798
6.9253
5.5667
3.9652
0.6159
7.8018
3.3758
6.0787
7.4125
1.0481
1.2789
5.4954
4.8523
8.9048
7.9896
7.3434
0.5133
0.7289
0.8853
7.9835
9.4301
6.8372
1.3208
7.2272
1.1035
1.1749
6.4072
3.2881
6.5381
7.4913
5.8319
7.4003
2.3483
7.3496
9.7060
8.6693
0.8623
3.6644
3.6920
6.8503
5.9794
7.8936
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87

88

89

90

91

92

93

94

95

96

97

98

99

100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132

9.7274
1.9203
1.3887
6.9627
0.9382
5.2540
5.3034
8.6114
4.8485
3.9346
6.7143
7.4126
5.2005
3.4771
1.5000
5.8609
2.6215
0.4445
7.5493
2.4279
4.4240
6.8780
3.5923
7.3634
3.9471
6.8342
7.0405
44231
0.1958
3.3086
4.2431
2.7027
1.9705
8.2172
4.2992
8.8777
3.9118
7.6911
3.9679
8.0851
7.5508
3.7740
2.1602
7.9041
9.4930
3.2757

1.6646
6.2096
5.7371
0.5208
9.3120
7.2866
7.3784
0.6340
8.6044
9.3441
9.8440
8.5894
7.8556
5.1338
1.7760
3.9859
1.3393
0.3089
9.3914
3.0131
2.9553
3.3294
4.6707
6.4820
0.2523
8.4221
5.5903
8.5410
3.4788
4.4603
0.5424
1.7711
6.6281
3.3083
8.9849
1.1816
9.8842
5.3998
7.0692
9.9949
2.8785
4.1452
4.6484
7.6396
8.1820
1.0022

3.6765
2.0603
0.8667
7.7193
2.0567
3.8827
5.5178
2.2895
6.4194
4.8448
1.5185
7.8193
1.0061
2.9407
2.3737
5.3087
0.9150
4.0532
1.0485
1.1228
7.8443
2.9157
6.0353
9.6442
4.3248
6.9475
7.5810
4.3264
6.5550
1.0976
9.3376
1.8746
2.6618
7.9783
4.8760
7.6896
3.9601
2.7294
0.3723
6.7329
4.2956
45174
6.0986
0.5940
3.1581
7.7272

105



133 6.7126 1.7812 6.9643
134 4.3864 3.5963 1.2533
135 8.3350 0.5670 1.3015
136 7.6885 5.2189 0.9235
137 1.6725 3.3585 0.0782
138 8.6198 1.7567 4.2311
139 9.8987 2.0895 6.5557
140 5.1442 9.0515 7.2292
141 8.8428 6.7539 5.3121
142 5.8803 4.6847 1.0882
143 1.5475 9.1213 6.3177
144 1.9986 1.0401 1.2650
145 4.0695 7.4555 1.3430
146 7.4871 7.3627 0.9859
147 8.2558 5.6186 1.4203

Total numbers of points of set F = 147
Number The Coordinates of the Minimal Points

11 0.0115 1.4761 0.1328
104 0.4445 0.3089 4.0532
47 1.1940 0.1698 5.5667
137 1.6725 3.3585 0.0782
144 19986 1.0401 1.2650
103 2.6215 1.3393 0.9150
63 2.6478 1.4651 0.8853
4  3.4446 0.8995 1.3412
111 3.9471 0.2523 4.3248
55 4.1616 0.3199 1.2789
61 5.4074 1.2308 0.5133
37 5.4659 0.8348 0.1034
21 7.2176 0.0052 0.6205

Total number of the Minimal Points= 13
Number The Coordinates of the Maximal Points

30 2.6906 9.0085 9.0513
18 4.7136 8.1540 9.9539
42  6.3579 9.8230 7.2971
110 7.3634 6.4820 9.6442
98 7.4126 8.5894 7.8193
126 8.0851 9.9949 6.7329
120 8.2172 3.3083 7.9783
29 9.1742 49809 7.7724
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86 9.3285 1.4204 7.8936
43 9.4517 7.6903 7.0725
139 9.8987 2.0895 6.5557
75 9.9370 8.5300 5.8319

Total number of the Maximal Points = 12
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Appendix 111

(b) A Detailed Results for Example 6
Number The Coordinates of Points of F

12.2014 15.9916 6.9948 0.8398
14.1198 15.6957 6.0774 12.8188
45592 2.0326 15.6745 10.8571
10.7716 3.7158 6.3839 15.1361
10.6285 0.3781 7.0430 1.4649
1.9650 9.7189 2.5089 14.5350
6.5171 1.7729 5.2165 8.1592
44046 6.5194 5.0250 9.8385
11.4667 14.1452 14.3120 5.0571
10 45342 8.7701 3.9524 1.2398
11 14.3392 5.9040 4.9709 13.6098
12 13.2253 3.3335 6.5419 2.3124
13 6.2404 7.0551 11.3282 5.9278
14 7.9664 152991 2.2982 9.9583
15 11.1169 1.9844 13.9412 15.9608
16 13.3499 7.5322 13305 8.2775
17 9.7541 13.7103 7.3878 15.8482
18 9.1958 0.6942 0.4862 3.6246
19 5.2167 11.0660 12.0512 6.3681
20 7.3028 15.6638 11.2007 11.1451
21 114207 4.5323 3.4322 1.0343
22 141505 2.1405 10.8785 11.9626
23 11.5337 10.9645 8.9167 6.7264
24 0.2978 14.5513 13.6109 12.9811
25 10.7964 9.7739 8.9370 6.0737
26 7.0161 14.3997 14.4284 5.1051
27 7.0051 3.0949 6.7123 15.7768
28 1.8726 12.0708 5.7301 11.4909
29 13.0349 55402 7.8238 6.6109
30 5.1977 6.6980 4.0954 1.5781
31 3.9396 2.4915 14.8667 11.7529
32 5.4834 13.1040 7.4681 10.1969
33 6.0111 9.9988 4.0641 1.1815
34 8.7449 11.8170 6.8995 1.9281
35 8.9907 12.8818 11.2405 15.7055
36 6.3332 1.0756 6.4373 7.9488

Ooo~No ol WwWN -
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37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79

6.3701
8.2459
10.5205
15.2146
11.5576
6.4013
13.3099
2.1494
0.9675
1.3480
2.6224
5.1875
4.8276
0.1869
8.6385
1.5260
2.3442
10.0983
13.7491
15.5875
9.1334
15.9496
8.8567
8.2473
5.2909
6.8800
7.8689
1.1366
14.2038
1.0341
6.9790
13.2261
6.3126
9.8156
13.0983
14.1798
14.8978
3.0526
4.1373
14.3659
9.4938
8.0614
9.8050

15.2126
7.9612
12.0823
11.8785
13.2981
2.5040
7.3169
9.8896
14.9149
13.3614
14.3268
9.3203
9.3239
13.6788
0.5579
14.1667
6.5237
0.5821
11.9384
24773
2.3025
9.6953
4.0717
5.1865
6.4287
6.5020
6.1791
9.7568
2.6703
3.0095
1.5141
5.1710
12.3136
3.7459
11.8458
11.0851
13.1853
13.2476
4.6939
4.9499
8.3685
5.2048
13.3095

2.9094
13.7000
9.3472
5.9773
3.5471
3.5039
8.3557
6.9348
11.8609
1.1272
13.5573
10.8781
2.1864
13.7344
3.1973
9.7174
8.6887
2.5972
0.0904
12.3438
12.2366
6.7371
0.9090
9.3720
2.7865
11.6578
8.5487
4.0490
14.6729
12.1311
14.1925
1.1008
2.9365
11.7932
11.1474
12.4319
8.0305
6.8079
9.7798
13.6924
10.7328
8.3775
4.7810

0.3586
0.8613
2.2540
14.2956
7.4531
8.9737
7.9113
1.0846
14.3623
4.6170
4.3047
9.5071
7.6141
5.8930
10.4898
15.0112
9.9268
4.5254
3.2829
7.0261
0.4360
14.0189
9.7615
3.2575
8.3187
0.8612
13.7950
7.0870
8.7681
9.0698
10.8863
5.9421
1.2517
7.3016
0.7655
11.8121
0.6080
15.2679
11.8780
14.9992
8.2138
3.8545
4.1594
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80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122

13.1108
8.5102
3.2332
7.2623
6.8466

15.4568
9.9209

11.1262

11.5226
5.5503
8.2718
8.9071
2.5039
8.9929

11.1169
6.8233

13.3803

11.7022
5.7605
7.2674

6.1822
12.4089
11.7483

6.8844
11.1000
15.1234
12.5477
11.2891

1.7493

6.2389

9.4545

7.3501

0.8054

3.6590
13.3470

0.2503
13.8194

1.2491
10.7047

12.9647
8.9120
4.2074

10.8891
3.7385
7.3028
6.1531
8.6176

15.8673

12.0835

15.6873
3.7565
8.4569
0.8230

12.1100
9.6317

13.7147

15.8124

14.8718

6.5522
0.0055
8.6541
3.3237
3.5085
5.2129
1.5352
11.9605
11.9761
8.6928
5.4101
13.3173
8.8412
15.3207
14.2853
5.7041
8.7424
5.5469
9.9648
12.7460

11.2635
6.1058
9.0830

14.2058

13.4872

14.3808

15.0240

13.0470
0.0217
0.0495
1.3995
4.1716
0.3648
6.7854
5.4570
8.6617

14.8187
4.7760
5.4094

13.7517
5.4477
2.2099
8.1248

13.7065
6.1490

11.1311

10.0465
7.2062
7.5779

15.1953
1.3360
4.4773
7.1521
9.4011

14.0421
7.5056
6.9987

11.9390
7.4866

12.1436
15.8935
5.7073
12.0457
1.7608
9.5527
6.8895
11.6915
4.1788
1.5169
7.2154
10.2412
2.1126
7.2452
10.4352
13.2320
4.9292
6.4378
14.1477
11.2093
3.8700
12.1573
4.6548
4.4390
0.0977
5.9954
6.9909
4.8688
4.6538
3.8803
14.9869
13.7630
6.3557
7.6707
9.0399
7.8339
4.3170
15.8358
2.9388

8.0034 11.9340 13.7732 13.7865
3.4879 2.0086 7.4642 0.5221
9.1459 13.1583 7.9697 5.3113
1.9550 0.4024 7.7989 11.9800
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123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165

10.7387
9.5934
0.8956
0.9015
2.4400
0.3139
6.9628

13.3155
9.8782
8.3221

13.8219
1.5632

14.5288
1.7283
8.2719
2.2905
8.9499
0.0733

12.2669

13.5793

14.6691

15.7915
8.0821
4.3427
1.6120
8.1256
9.3697

12.2062
1.3274

10.5855
8.2717
2.7368

15.0169
9.4477
7.0502

15.0707

10.4946
7.2311

13.4352
8.5220
8.8622

10.8810
5.8750

6.6309
11.7025
12.5020

5.8766
11.9179
14.2763

3.8817

2.0736

3.6011

5.6002

4.5934
14.8398

0.8210

9.4827

2.6064
13.4145

2.6810

8.0352
15.9893

5.6865

0.7532

3.4186

6.3654

5.3387

3.6736
14.9779
10.9310
15.3938

7.0076
15.0454

0.0933

9.7649
12.8172

3.7277
14.9195
12.2122
13.2232

9.1754
12.6813

5.2647

3.5754

4.9982

9.3524

3.6715
1.3688
1.0781
14.2143
3.7307
13.7855
11.3878
13.9650
15.0080
2.2350
6.3024
15.6890
10.3167
14.3426
7.7157
0.2255
9.9661
3.6975
8.4389
11.5999
9.7187
9.4139
6.9350
3.9068
6.8634
0.1628
9.7411
15.3276
1.5271
0.5694
14.1798
3.9511
0.1426
13.0387
2.2480
14.0779
1.5260
5.6410
9.4947
9.3629
10.6829
10.3684
6.9339

10.3099
2.7078
15.2353
8.6923
4.0226
9.2572
14.6476
14.3295
7.7201
7.0838
4.9881
0.8850
12.0607
2.1112
5.6948
6.3339
14.1683
0.3398
13.5053
4.6091
4.0055
7.8141
11.6646
3.2419
3.4604
15.6214
9.4918
4.8705
15.4832
14.3355
3.0404
0.0288
11.3882
13.8836
1.8929
0.6244
9.5711
9.6690
8.2629
0.1201
11.0229
15.1363
13.9766
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166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208

3.8286
9.2628
13.8702
6.5084
1.8018
7.1015
4.8030
6.4222
13.3338
6.4581
6.2428
5.7672
2.2441
4.1621
1.3890
6.8704
4.1165
4.7609
6.7977
1.9073
7.9211
11.3025
3.8972
12.5611
1.1854
6.3021
0.0543
3.5308
0.0208
3.0269
2.2797
4.2892
2.7983
2.2184
9.5822
14.4169
15.0301
3.5390
1.7227
6.0162
8.3805
4.2380
1.0937

13.2786
4.6474
6.4409

13.7929
9.8358

15.8590
3.2592

13.2353

10.8138
3.9832
7.6126
6.3852
9.5910

12.8084
1.6811

13.1431

13.4574
5.6721
6.8811
9.1558

11.2132

11.8795

12.1261
6.2261
6.8688

15.3015
9.1675

13.5956
4.4215
9.9572
9.4138

15.4155
1.3744
8.0080
8.3454
1.4427

14.4747

14.1502
7.0238

12.5076
2.3754
9.9171
4.1700

2.2361
12.0309
3.8686
10.4073
13.7180
1.3499
15.5534
0.5034
13.3665
13.3714
0.7977
8.7342
15.0907
5.1436
12.9035
9.6224
12.6339
12.7870
0.7930
4.5312
10.4553
7.8345
15.5656
11.9758
9.0855
4.7834
4.0978
14.1850
7.1488
13.0558
1.5734
13.7535
0.4421
14.3865
14.3990
8.3857
1.9232
2.8447
11.2977
13.3018
0.5573
12.1254
15.3138

1.8124
5.6731
3.8710
8.9653
9.8036
4.8129
12.7703
12.7303
12.4975
5.6176
0.8688
11.3393
15.8869
2.5996
1.8171
14.6060
7.7065
13.6289
12.9586
2.9882
3.9552
0.8670
9.7434
12.4357
8.1770
0.4440
15.8462
8.0150
5.3120
2.7821
10.0102
9.2022
12.0158
2.4563
5.7086
2.3032
13.6097
5.4059
4.4031
0.0962
12.8306
7.9585
8.6055
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209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251

6.9812
2.7816
0.4177
15.2749
6.8895
15.3849
12.1986
0.1176
10.8806
11.2952
10.3221
8.8370
3.4897
12.3579
3.6485
5.9338
14.2549
13.7020
6.4389
5.0883
9.7382
14.5631
14.5456
9.4655
5.3211
13.6490
7.0784
14.4697
0.5309
8.5188
11.4640
2.8688
5.3845
3.0034
5.1508
6.4617
8.7771
0.7798
8.8437
4.3970
3.8640
3.8903
2.4666

7.1305
13.5040
3.1393
4.8616
7.7327
5.4050
12.7758
15.7998
2.5448
3.7901
11.2358
6.0075
15.5793
15.5569
10.2992
13.7616
6.4301
10.1109
15.7638
8.9516
14.9375
11.5255
7.7446
10.2245
14.2022
3.1798
6.3259
15.8748
6.4376
10.5417
14.4216
15.9261
10.4506
1.7350
0.5778
9.8895
9.0743
15.3914
11.9377
10.6003
8.3730
4.1583
15.3919

5.4859
10.2119
5.4881
3.4635
12.5792
11.5694
4.4614
9.3189
6.7361
1.4731
0.3844
7.8583
4.4523
5.4361
4.5976
2.7345
6.3882
11.1624
3.2588
10.6612
7.0891
6.9327
2.8038
3.0912
9.8627
4.3042
8.9548
15.1165
11.4315
10.8675
15.3501
12.4053
9.7236
15.1680
0.9543
4.2994
15.7869
12.3553
7.6057
10.8944
6.6710
6.0824
3.4123

13.9346
11.5655
10.6894
2.8612
8.8079
15.3580
9.5363
12.9371
15.7525
14.1748
3.4214
0.5541
7.2180
0.2207
7.5794
15.2192
3.9832
6.1828
6.9029
13.2942
13.1943
7.2480
6.0890
14.8139
11.8535
11.8021
15.1507
8.1616
12.6701
7.2348
13.5872
6.2469
11.8140
15.6230
8.3728
6.8786
3.3145
5.1744
1.7739
6.0034
5.2785
5.4737
13.0739
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252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294

15.3027
14.9706
13.0994
11.6522
2.8130
5.7659
3.0206
0.0192
5.0627
11.1939
10.0041
8.6890
7.0246
4.5988
8.0265
12.1847
12.1985
9.2169
11.9626
10.3286
1.9715
8.0704
5.5562
1.4744
2.3656
3.1707
10.7563
6.9042
11.1105
4.1086
0.1561
8.5165
4.4703
15.1397
14.5031
6.2830
0.3977
10.7430
13.3947
15.5440
0.9109
7.2052
9.3195

8.6433
0.4843
11.1410
8.3155
0.9445
14.2406
5.2832
3.6752
1.8232
4.9748
3.6549
10.4320
1.0586
4.4069
4.5091
14.0811
7.1093
12.0946
9.6527
12.5323
1.8229
15.6570
13.5775
0.8103
7.4592
5.2105
10.0833
3.6848
9.2782
9.6505
9.5981
7.1748
0.5668
8.2210
6.5237
1.7287
7.3580
7.2141
8.8182
12.8865
11.2136
13.9558
0.8351

6.1270
0.4747
7.5571
5.3340
15.6135
8.8871
13.5409
6.5290
7.3923
13.2209
15.8593
8.3832
14.8070
11.8243
9.0789
15.5004
13.1920
15.3537
10.3415
6.0732
7.6252
14.5902
0.2377
2.5071
7.5451
8.6879
0.9551
10.5285
14.2342
1.7541
7.0044
4.4837
15.7639
9.7401
4.0600
2.1218
8.7201
13.2449
13.3921
13.3336
3.2594
8.7107
13.9991

8.5070
8.3380
12.3890
1.9242
10.0072
5.5464
5.3539
9.1939
13.8230
3.1770
10.7592
14.4293
3.1865
4.7725
7.9443
14.2385
8.0226
4.4319
8.5433
9.1880
6.6049
0.2362
11.2442
8.1080
6.1003
1.0389
5.7373
3.7480
3.2561
13.0205
6.2950
0.8572
6.0008
12.3999
2.6448
14.5955
5.1073
5.2765
3.2678
12.2754
1.1196
15.2005
2.5314
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295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323
324
325
326
327
328
329
330
331
332
333
334
335
336
337

10.9862
11.5109
10.4007
11.6306
5.9816
9.3053
1.8579
0.9225
15.6762
4.5572
9.5196
15.3946
29725
3.0886
5.4663
14.9264
6.2507
4.3715
2.4312
6.3537
5.9956
2.0978
6.9607
1.4642
9.8340
0.1757
9.1722
12.6357
3.7659
7.1683
9.1097
0.9824
7.9406
10.2770
3.5403
13.3929
15.5372
13.5420
8.0960
4.4620
11.9459
3.7909
15.3175

3.5149
7.3543
15.3365
12.6407
7.2300
5.3349
0.9455
11.8545
8.1087
3.1988
6.8351
2.6990
12.0271
5.8936
15.0691
0.2748
13.2649
10.0255
8.6199
10.4081
11.6261
1.5118
14.0412
0.2298
4.7088
2.8786
14.8207
1.0909
9.2975
10.1944
10.4203
13.8340
0.8952
13.0697
8.4628
11.1096
3.3985
8.6925
11.2403
15.3030
7.1127
1.3664
0.9174

1.9360
13.7016
14.3964

3.4858

1.2317

7.5874
13.3604

7.5103

6.6203

8.0439

2.0070

2.1166
13.9276

9.6472

4.2448
13.8368

0.9298

7.3241
11.5554

5.4240

6.4195

8.4317
14.3078
12.4538

1.1099

4.4606

6.0699
13.8348

6.7194

3.8380

9.5625

7.6705
14.3768
14.9553
13.0862
11.3425
11.8915
14.3954

1.0438

5.3746

0.0694
13.2495

8.1190

45831
10.9941
2.2584
8.1934
11.5412
14.8615
11.7137
11.9976
6.5171
3.8319
8.3336
3.5052
13.4782
10.6069
13.0598
12.7020
7.5057
4.9524
11.0013
15.7896
12.3189
13.2733
11.2974
9.5254
12.0460
7.9476
13.8421
1.0884
15.4967
1.5801
8.7516
6.4475
1.7126
11.5867
9.8189
12.5275
9.0659
12.9811
9.2284
15.1045
13.9432
8.1216
12.6212
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338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380

9.9242
9.6042
2.7617
1.4455
4.0842
13.7371
14,5771
11.1941
11.6029
3.6782
9.2169
12.9700
6.4615
15.8150
1.4400
5.1351
8.1825
0.9697
11.6110
8.9049
8.4698
13.2797
13.7401
12.6245
5.0853
7.2353
12.0356
1.7578
1.7559
4.3181
8.3942
15.5624
11.3665
4.9898
4.6633
13.6057
14.5864
10.2284
4.0859
1.4187
13.4121
9.3555
15.1697

10.0712
12.7389
11.0591
5.5249
15.1491
8.3230
15.2610
1.1775
3.3125
12.4004
14.6270
12.5208
4.7285
2.4295
13.5666
12.5577
4.3333
3.6450
5.1364
13.2730
13.1549
9.1309
9.1493
4.5763
11.1861
12.7401
7.0654
7.1394
7.4506
4.4646
10.8060
14.4586
14.5364
11.9552
4.1682
11.0342
2.1093
1.9760
3.0544
2.3317
9.3607
1.1738
13.1572

5.8586
3.6262
8.5573
4.6318
1.0939
1.3595
1.0934
6.5571
1.9741
7.0883
14.3830
5.6582
1.9228
9.1058
14.0005
5.5772
0.6707
2.2774
1.2255
11.8484
7.3044
10.6920
11.1879
9.1417
10.0591
14.0442
10.5976
14.0066
7.4803
2.2614
1.0902
11.4279
4.9278
10.7386
10.4387
8.4968
11.4417
8.0770
7.8080
7.9654
14.9756
6.2285
1.8743

7.5685
13.2608
5.1597
15.6183
4.4514
1.1653
12.0196
13.2990
14.7574
5.2324
12.8651
8.6120
7.4127
13.1320
15.2305
1.2204
11.3387
3.7588
6.3823
4.2900
13.3202
15.9260
10.3960
11.2632
14.9169
11.0024
9.0937
6.0936
10.1533
5.8117
6.5219
5.8992
7.4944
8.0546
14.5686
3.3029
5.4177
9.1860
7.7909
4.1955
9.2735
14.0532
0.9752
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381
382
383
384
385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423

0.9765
9.3543
45617
13.2437
3.0558
7.0805
6.2946
13.2252
10.8299
3.3216
5.0897
2.1410
10.7434
9.1359
2.7163
2.3625
7.6173
14.5296
8.8348
0.5270
0.8618
12.8810
7.2220
6.1223
12.6343
5.8286
8.5176
11.3865
13.9436
5.2590
10.4019
15.5974
1.2155
9.3923
6.6222
4.9462
4.2213
12.1403
15.9235
2.9851
12.4983
3.1328
15.8777

11.5664
14.8137
7.8822
10.4781
14.2420
8.6164
4.5153
15.6153
0.5828
5.2199
15.5682
5.8405
4.9464
1.9346
14.6523
2.1677
5.3139
14.3597
7.9944
9.8446
9.3301
11.1721
0.4693
8.4461
0.5132
13.2343
5.4398
13.5474
3.9371
9.3039
15.0028
0.7646
0.8636
0.3299
10.9037
9.5781
1.8245
12.7399
9.8856
1.1234
1.1085
2.1761
12.6223

3.8468
10.9585
13.4281
15.5223

3.4427
12.1655

9.3456

6.4472

8.1606

7.9303
10.4219
11.8993

4.8313

1.4338
13.2154

6.2334
12.4049

2.8699

1.7498
14.4825
14.0216
15.9967
13.8281

0.5900

8.7149
15.9619

8.1761
13.9762

1.1235
15.8006
14.7634

9.0282

6.9034

5.4055
11.5316

0.2185

5.9850
14.7630

8.7437

7.5822

7.9446

4.9435
15.2134

7.0540
1.3481
9.0118
8.6290
12.2889
3.7294
9.3978
7.3436
13.7757
10.5734
5.6621
5.5550
4.0595
15.2405
47712
2.5345
5.7808
11.8661
11.2944
11.2143
0.0996
5.9895
14.4239
5.0935
9.5533
4.7647
2.0002
6.2137
13.0830
15.6988
13.7918
1.3411
5.4034
3.7781
5.0849
15.7512
8.7720
11.9880
13.4696
2.6702
14.4496
1.6820
11.9215
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424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466

12.8362
6.7876
11.6618
7.9737
12.9438
5.7041
1.1719
9.4559
14.5630
3.1003
6.9179
11.9866
0.6270
15.1412
12.2188
8.9411
2.9415
7.9672
8.2855
15.9079
13.6776
15.3985
10.8631
6.4560
14.9597
7.6718
3.7087
6.3406
11.2812
8.9369
12.1061
15.9277
15.3989
8.5611
15.4219
1.8500
0.8232
4.8696
9.2831
8.4954
14.4193
8.6488
6.9117

1.4784
3.8059
3.8984
1.6772
13.7336
11.1712
11.7399
10.4085
8.2603
5.2222
10.5884
1.8810
2.3651
0.3162
15.4287
15.5260
1.9818
7.4786
10.5071
4.6430
12.0726
8.9299
6.8447
4.2751
12.0598
14.3740
11.6551
6.5093
15.0131
4.0868
8.5306
15.2761
4.2840
4.0014
14.8428
1.0973
4.7904
9.4653
3.2528
10.1741
12.7739
8.0272
10.4130

15.7119
8.2170
15.8814
7.2935
6.8167
3.4114
3.0920
13.3241
11.6262
8.4759
13.2653
8.1900
8.8314
3.4126
9.4051
2.2842
0.8356
10.9329
9.7370
3.5145
6.5005
10.0785
8.8849
2.0413
2.7072
0.0160
6.6906
7.8158
2.5579
10.6694
0.2867
1.9148
15.2340
15.6137
0.4946
7.9021
13.8036
3.8860
13.3483
13.0175
10.0636
0.0358
6.0756

11.6700
11.4795
2.1349
7.1326
8.1406
8.4878
13.7555
10.8436
12.8934
8.4999
15.2943
1.0668
8.6643
4.5066
7.6944
10.9578
3.3321
9.7306
5.2188
14.0936
2.1343
1.6385
15.3459
2.4464
2.4406
2.4888
1.4331
7.2708
10.7023
13.3008
12.6438
11.4034
7.5616
11.3374
15.3290
8.0924
4.8808
12.6370
3.7822
3.7488
7.4352
9.9102
9.8453
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467
468
469
470
471
472
473
474
475
476
477
478
479
480
481
482
483
484
485
486
487
488
489
490
491
492
493
494
495
496
497
498
499
500
501
502
503
504
505
506
507
508
509

8.6827
11.3986
0.2668
12.8147
2.2801
7.6556
4.1094
5.9055
10.5882
2.7137
4.4605
3.1715
3.1211
5.2294
14.0854
7.5376
6.4635
2.8677
15.5028
6.5193
13.5118
9.8452
6.0258
14.0349
12.5576
7.4393
13.0236
14.3751
6.8678
5.3493
9.5464
14.4319
11.2331
6.0393
11.7593
15.2656
8.6850
8.6417
4.9778
1.1398
2.9117
1.4878
7.4158

12.7353 14.4705
3.7340 10.8856
9.6134 6.0612
1.7994 10.1113
8.2523 3.8923
13.4055 9.1426
14.7326 15.7077
7.9716 13.5949
44418 4.5351
10.4403 10.9193
14.6768 5.7300
8.1574 15.7908
155871 1.3438
3.1565 4.0049
1.7790 12.9815
47577 1.3508
6.3427 8.5001
6.7321 12.8100
49836 11.8212
11.1015 2.2666
1.4699 7.0063
6.4334 5.6061
4.7229 7.6560
4.9039 9.3985
1.6890 2.3329
9.5012 14.4853
45236 10.2431
2.4835 2.6070
0.0105 9.0546
4.5375 14.9059
8.8130 12.5296
13.9344 10.9710
0.6761 7.4595
14.4756 4.1651
2.0956 9.1083
13.3397 3.9803
12.8075 5.1088
14.6861 14.5728
2.1969 14.1635
8.0757 12.7134
6.4793 14.8130
2.7772 2.8614
9.2029 8.2807

1.9620
1.9807
45513
11.7717
6.5809
13.2637
14.9618
6.3851
0.8354
9.1390
11.9627
5.1239
7.8869
3.5464
15.0284
7.7169
8.6399
3.5369
1.5351
0.9626
13.1121
12.3437
3.1311
14.3219
10.9488
10.5095
15.8461
0.5391
6.7881
7.8397
9.3361
1.3323
10.5625
0.8369
8.9093
11.3924
7.8066
9.8816
3.4204
10.3305
6.0903
1.6594
6.0402
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510
511
512
513
514
515
516
517
518
519
520
521
522
523
524
525
526
527
528
529
530
531
532
533
534
535
536
537
538
539
540
541
542
543
544
545
546
547
548
549
550
551

0.1493
14.6404
10.2839

0.0227

0.4862

3.3355

7.2795

2.0363

0.1384
11.6333

5.6659
12.4871

6.9865

6.9849

0.7874

0.7941

1.4576

9.5046

3.8573
13.4619
13.7154
15.4178

7.8224

3.5250

3.6193

8.5886
12.1938

5.5611

7.3797
10.2292
14.6774

2.5852
11.4502

9.2438

6.9328
14.1479

6.2888

2.8636
10.1333

9.9840

5.2471
12.8474

9.6995
3.4311
8.3189
15.8270
7.8386
11.1180
6.5827
0.5564
4.6853
12.8231
5.5440
1.3331
8.1777
5.8693
11.8317
8.3958
12.8723
13.0706
3.0315
1.9791
13.1359
10.2064
0.2579
14.3353
8.2460
8.7124
9.7031
12.1670
13.6855
6.1259
1.3544
11.7420
5.3118
13.4360
5.9476
13.2514
2.8243
2.0723
14.0781
0.7053
10.9875
11.7404

10.0321
14.6109
10.6235
6.2271
11.8401
13.0822
9.6055
1.3600
14.7577
0.8576
8.4324
1.9017
6.0823
13.0053
3.9055
14.1508
11.4023
6.0504
3.9827
4.0457
12.2759
0.7978
10.9646
9.9244
11.9470
15.6361
6.1426
4.1633
14.0395
12.8975
7.3779
1.4554
9.0283
2.9981
8.5070
5.6805
5.0365
11.6279
8.2524
12.6503
3.2719
10.8497

4.2058
3.8606
9.9668
8.3668
6.6118
3.4847
13.7369
13.7761
4.5430
9.8463
12.4718
15.2776
14.7137
6.1571
2.6023
12.7480
1.8211
2.5412
5.6932
13.5641
9.3245
9.3788
14.8134
9.2013
0.1596
12.9500
9.7409
7.6786
4.2950
4.1295
7.6962
3.6375
0.7776
2.7079
41351
3.1666
9.6911
13.1793
12.9698
12.8358
11.3298
13.7500
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Total numbers of points of set F = 551
Number The Coordinates of the Minimal Points

259 0.0192 3.6752 6.5290 9.1939
194 0.0208 4.4215 7.1488 5.3120
513 0.0227 15.8270 6.2271 8.3668
192 0.0543 9.1675 4.0978 15.8462
140 0.0733 8.0352 3.6975 0.3398
518 0.1384 4.6853 14.7577 4.5430
320 0.1757 2.8786 4.4606 7.9476
288 0.3977 7.3580 8.7201 5.1073
436 0.6270 2.3651 8.8314 8.6643
460 0.8232 4.7904 13.8036 4.8808
401 0.8618 9.3301 14.0216 0.0996
125 0.8956 12.5020 1.0781 15.2353
292 09109 11.2136 3.2594 1.1196
355 0.9697 3.6450 2.2774 3.7588
413 1.2155 0.8636 6.9034 5.4034
151 1.3274 7.0076 1.5271 15.4832
46 1.3480 13.3614 1.1272 4.6170
180 1.3890 1.6811 12.9035 1.8171
377 14187 23317 7.9654 4.1955
318 1.4642 0.2298 12.4538 9.5254
275 14744 0.8103 2.5071 8.1080
508 1.4878 2.7772 2.8614 1.6594
122 1.9550 0.4024 7.7989 11.9800
517 2.0363 0.5564 1.3600 13.7761
196 2.2797 9.4138 1.5734 10.0102
138 2.2905 13.4145 0.2255 6.3339
396 23625 2.1677 6.2334 2.5345
92 25039 8.4569 0.3648 2.1126
154 2.7368 9.7649 3.9511 0.0288
198 2.7983 1.3744 0.4421 12.0158
440 29415 19818 0.8356 3.3321
420 2.9851 1.1234 7.5822 2.6702
422 31328 2.1761 4.9435 1.6820
277 3.1707 5.2105 8.6879 1.0389
120 3.4879 2.0086 7.4642 0.5221
534 3.6193 8.2460 11.9470 0.1596
166 3.8286 13.2786 2.2361 1.8124
284 4.4703 0.5668 15.7639 6.0008
416 4.9462 9.5781 0.2185 15.7512
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243 51508 0.5778 0.9543 8.3728
30 5.1977 6.6980 4.0954 1.5781
89 5.5503 12.0835 0.0495 1.5169
404 6.1223 8.4461 0.5900 5.0935
100 6.1822 0.0055 5.4477 3.8700
176  6.2428 7.6126 0.7977 0.8688
37 6.3701 15.2126 2.9094 0.3586
447 6.4560 4.2751 2.0413 2.4464
264 7.0246 1.0586 14.807/0 3.1865
449 7.6718 14.3740 0.0160 2.4888
327 7.9406 0.8952 14.3768 1.7126
354 8.1825 4.3333 0.6707 11.3387
153 8.2717 0.0933 14.1798 3.0404
283 85165 7.1748 4.4837 0.8572
162 8.5220 5.2647 9.3629 0.1201
51 8.6385 0.5579 3.1973 10.4898
465 8.6488 8.0272 0.0358 9.9102
57 9.1334 2.3025 12.2366 0.4360
18 9.1958 0.6942 0.4862 3.6246
294 9.3195 0.8351 13.9991 2.5314
414 9.3923 0.3299 5.4055 3.7781
54 10.0983 0.5821 2.5972 4.5254
475 10.5882 4.4418 4.5351 0.8354

5 10.6285 0.3781 7.0430 1.4649
104 11.1000 5.2129 6.1490 0.0977
21 11.4207 4.5323 3.4322 1.0343
335 11.9459 7.1127 0.0694 13.9432
435 11.9866 1.8810 8.1900 1.0668
322 12.6357 1.0909 13.8348 1.0884
55 13.7491 11.9384 0.0904 3.2829
494 143751 2.4835 2.6070 0.5391
253 14.9706 0.4843 0.4747 8.3380
437 15.1412 0.3162 3.4126 4.5066
412 155974 0.7646 9.0282 1.3411

Total number of the Minimal Points= 73
Number The Coordinates of the Maximal Points
216 0.1176 15.7998 9.3189 12.9371

45 0.9675 14.9149 11.8609 14.3623

117 1.2491 9.9648 11.9390 15.8358
352 1.4400 13.5666 14.0005 15.2305
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52
134
178
240
473
197
334
410

98
406
224
181
434
293

20
148
535

35
321

17
262
411
152

15
239
267

150
141
424
551
402
254

80
384
359
130
174
330
332
530
481

1.5260
1.5632
2.2441
2.8688
4.1094
4.2892
4.4620
5.2590
5.7605
5.8286
5.9338
6.8704
6.9179
7.2052
7.3028
8.1256
8.5886
8.9907
9.1722
9.7541
10.0041
10.4019
10.5855
11.1169
11.4640
12.1847
12.2014
12.2062
12.2669
12.8362
12.8474
12.8810
13.0994
13.1108
13.2437
13.2797
13.3155
13.3338
13.3929
13.5420
13.7154
14.0854
14.1198

14.1667
14.8398

9.5910
15.9261
14.7326
15.4155
15.3030

9.3039
14.8718
13.2343
13.7616
13.1431
10.5884
13.9558
15.6638
14.9779

8.7124
12.8818
14.8207
13.7103

3.6549
15.0028
15.0454

1.9844
14.4216
14.0811
15.9916
15.3938
15.9893

1.4784
11.7404
11.1721
11.1410
12.9647
10.4781

9.1309

2.0736
10.8138
11.1096

8.6925
13.1359

1.7790
15.6957

9.7174
15.6890
15.0907
12.4053
15.7077
13.7535

5.3746
15.8006

5.4094
15.9619

2.7345

9.6224
13.2653

8.7107
11.2007

0.1628
15.6361
11.2405

6.0699

7.3878
15.8593
14.7634

0.5694
13.9412
15.3501
15.5004

6.9948
15.3276

8.4389
15.7119
10.8497
15.9967

7.5571
11.2635
15.5223
10.6920
13.9650
13.3665
11.3425
14.3954
12.2759
12.9815

6.0774

15.0112

0.8850
15.8869

6.2469
14.9618

9.2022
15.1045
15.6988
14.1477

4.7647
15.2192
14.6060
15.2943
15.2005
11.1451
15.6214
12.9500
15.7055
13.8421
15.8482
10.7592
13.7918
14.3355
15.9608
13.5872
14.2385

0.8398

4.8705
13.5053
11.6700
13.7500

5.9895
12.3890
12.1436

8.6290
15.9260
14.3295
12.4975
12.5275
12.9811

9.3245
15.0284
12.8188
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76
236
398
432
344
310
202
285

40
502
214
456
458
291
369
351
423
443
419
455

58

14.3659
14.4697
14.5296
14.5630
145771
14.9264
15.0301
15.1397
15.2146
15.2656
15.3849
15.3989
15.4219
15.5440
15.5624
15.8150
15.8777
15.9079
15.9235
15.9277
15.9496

4.9499
15.8748
14.3597

8.2603
15.2610

0.2748
14.4747

8.2210
11.8785
13.3397

5.4050

4.2840
14.8428
12.8865
14.4586

2.4295
12.6223

4.6430

9.8856
15.2761

9.6953

13.6924
15.1165
2.8699
11.6262
1.0934
13.8368
1.9232
9.7401
5.9773
3.9803
11.5694
15.2340
0.4946
13.3336
11.4279
9.1058
15.2134
3.5145
8.7437
1.9148
6.7371

14.9992

8.1616
11.8661
12.8934
12.0196
12.7020
13.6097
12.3999
14.2956
11.3924
15.3580

7.5616
15.3290
12.2754

5.8992
13.1320
11.9215
14.0936
13.4696
11.4034
14.0189

Total number of the Maximal Points = 68
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Appendix 111

(©)

Partial Results for Example 7

Number The Coordinates of Points of F

8000
8001
8002
8003
8004
8005
8006
8007
8008
8009
8010
8011
8012
8013
8014
8015
8016
8017
8018
8019
8020
8021
8022
8023
8024
8025
8026
8027
8028
8029
8030
8031
8032
8033
8034
8035
8036
8037
8038

9.3711
19.8941
31.6233
15.2093

8.7433
28.9066
30.9133
27.7313
24,7870
30.4921
20.4592
13.1762

0.0538
23.2258

6.8735

7.7963

6.0129
20.2168

0.6955
18.8483

1.8431
17.6906

6.5424
22.8840
32.7328

3.4137

9.3134

9.8418
14.0774
16.3634

4.5697
16.2886
27.0372
21.7210
14.2852
26.4637
27.1481

5.2624
17.5848

20.4806
9.9671
15.0114
23.5876
39.8073
1.5341
10.6274
12.0876
8.2457
25.3480
28.6233
21.4201
2.9846
6.1344
27.3463
13.3512
33.6794
37.9197
30.0674
1.0876
29.7640
13.4702
32.0541
6.6761
25.4675
5.7297
32.8045
7.1392
7.1751
6.0670
17.3849
35.2000
19.9808
22.7205
3.5023
17.7582
28.1828
39.2722
14.3243

31.2683
20.3927
10.2780
23.9932
22.5823
14.1785

6.4425
20.9337

6.1936
36.2021
28.0205
37.3562
21.0495
10.9897

9.2236
12.4635
14.6267
39.7819

6.1189
33.2958
10.9500
36.5078
18.8681
39.4446

3.4911
24.1482

1.5333
11.7542
19.4129

6.7464
24.3572
20.1860
31.4260

5.6370
13.7699

5.8130
19.5369
18.7940
33.6218

36.2505
20.8402
34.1817
12.9926
34.5301
20.8601
36.5776
11.1507
37.0493
34.4395
12.5543

4.9984
26.7662
31.3470
15.4330
15.4825
34.0669
17.9630
33.1433
33.4236
35.7038
30.0577
26.9850

4.8112

1.1809
24.5432
29.2799
38.0995
25.0553
18.7534
19.4451
34.6523
32.7089
24.3354
22.7285
20.2781
34.5998
26.8869
11.5433

21.8931
21.5654
19.7075
5.9525
12.9564
1.5650
2.7954
1.3902
22.5402
21.3015
23.4698
9.8613
30.1150
30.9606
21.8183
33.5500
8.4261
17.0702
4.8299
27.6679
35.5946
6.1616
17.7594
39.6291
22.3673
20.9117
31.1596
35.4467
4.3405
25.4364
13.3543
8.6886
0.1019
0.2643
20.6900
14.0214
10.3545
33.0970
10.9368
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2.8150
11.5905
25.2043
32.2403

9.2417
37.5691

6.8085

7.6312
17.7420
14.6580
24.9169

2.8468
22.6396

0.5576

9.1417
17.0319
31.7138
14.3481

8.4053
24.0920
17.3509
30.2270
20.2132
33.4996

1.0656
31.1805
13.2388
19.2612
28.5423
32.2995
36.7120

0.2508
30.5178
23.3135
13.0747
12.6099
27.1378

5.9985
13.6734

15.5893
38.8753

5.4582
19.4281
22.6861
23.6790
15.7368
34.0809

0.1638
25.4070
27.8198
35.8587
25.5417
27.7449
33.9053
21.9586
22.8377
24.2532
26.9041
13.5314

8.5196
13.7933

3.2563

5.0044
34.6232
32.9636

2.6472
22.8303
16.3855
24.4000
31.6571

7.8761
12.1498

9.3890
34.2160
36.5932
11.7918
17.5400
19.9275

27.0889
11.4882
30.5340
26.4420

2.4943
37.9125
38.7498

9.5545
10.5942
24.9615

9.4216

30.7474

5.6594
39.2551
19.0993
17.7369

9.7563
30.4710
27.7692
20.4643
16.8155

2.6755
36.8423
12.5140
39.8304
25.2712
12.9475

6.4322
32.2834
35.2863
23.6006

7.5827

9.5141
21.6472
35.6194
24.3385

6.8606
17.7542
33.2694



8039
8040
8041
8042
8043
8044
8045
8046
8047
8048
8049
8050
8051
8052
8053
8054
8055
8056
8057
8058
8059
8060
8061
8062
8063
8064
8065
8066
8067
8068
8069
8070
8071
8072
8073
8074
8075
8076
8077
8078
8079
8080
8081
8082
8083
8084

37.4878
22.8090
23.1056
30.5841

9.8781
27.7542
11.7945
22.8280
25.3922
15.9556

9.9553
37.4133
17.9561
21.2714
25.3935
26.7248
17.5605

6.9196
27.7754
36.9970
14.8242
25.5515
35.5872
19.3177
25.1927
18.6007

4.3669

4.5247

4.3157
17.8292
37.5538
25.3526
37.1868

2.5151
12.2776
37.9906

0.4146

6.7131
30.2109
33.3529
24.2344
20.7167
37.7143
29.6483
28.0432
29.7887

4.6127
10.4050
39.8112
33.5000
30.0027
30.5820
39.0281
35.3432
25.6365
36.1835
32.4288
24.2416
34.2941

6.2760
12.9365
20.2589
15.7307
11.2283
35.5388
12.2373
33.0825

7.3246
34.0421
11.8428

1.2466
14.8395
15.4070
34.2608
36.9016
10.2702
23.1317
13.0910
18.9836
29.7237
26.8328

2.5556
36.0729
28.8370
17.7318

6.8941
16.6376

0.0286
21.8617
22,5721

2.6027
15.4678

21.3040
32.6933
30.1812

1.5611

4.1747
11.6043
21.7881

4.8612
24.2266
26.4029
14.4238
10.6620
35.5567
15.0048
26.9749
12.9526
32.3688

3.5670
13.6298
20.0326

5.2716
38.6237
16.3432
38.8494
25.4836
18.4248
10.0624

7.1185
23.5609

6.3807
16.0677
25.5271
28.0283
17.9168
11.0092

2.6824
20.7655
22.2375
32.3489
24.3338
20.2908
21.6837
18.1478
10.8512
33.1673
18.9135

36.2340

2.3783
21.1399
20.3297
19.5187
33.9891
35.3515
37.2588

6.0196

1.2505

7.8370
25.4789
30.0335
12.3534
17.0269
25.0947
24.9513
23.5261
12.2989
13.0109
37.7759
34.7150
25.3255
22.2604
14.7907
21.2475
27.8172
29.4182
25.7088
30.8288

8.9839
17.2732
11.2222
32.9961
22.7062
31.1086
16.1012
27.4229
33.2079
32.4369
33.7268
13.9349
37.5516

2.9057

7.6597
21.9723

30.7359
3.6654
28.2042
34.2339
16.6028
39.4050
22.6768
15.8164
27.3511
7.9667
7.2848
32.4693
27.7874
3.2722
26.5193
20.4318
6.7344
2.0783
15.9094
2.8940
23.3907
3.3198
27.6727
4.3534
3.1559
37.8401
19.4131
1.1380
25.0055
9.8506
15.3730
11.9365
5.7369
5.2408
2.6916
32.1008
18.2480
24.0470
13.3374
8.6312
22.4710
35.0177
18.3982
33.1311
24.5121
28.2686
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38.9348
14.3708
34.8560
23.7740
25.4945
12.4026

5.5695
25.2662
31.9842
19.0493
16.2467

8.2628

8.9081

9.7449
30.2483
34.9014

7.3142
35.4839
12.8632

4.4529
11.0410
11.8375
28.8256

4.1200
13.1724
34.4389
20.9188
14.8430
10.0506
24.0947
26.3322

1.1909

5.7342
39.9848

5.1265
19.9241
23.4173

4.8377

0.9526
37.9819
25.2517
26.0843
27.9561
13.3346
29.8734
25.9535

22.0075
29.8416
16.2586

9.4206
27.0768
29.4244

3.0073
32.5464
21.3949

7.8775

6.4249
14.1966
37.0405
19.0955
39.4064
17.4232

0.5252
13.3432
10.8838
17.1418
27.7754
28.4118

1.7927

5.6379
29.1853

3.5188
32.4423
27.5308

1.3643
16.7095
31.6463
12.6954

3.2638

8.7564

5.8425
29.4998
27.7375
30.8869
34.4366
11.3694
23.3150
11.3634
19.5306

1.8403
24.9276
36.3541

33.4056
27.4269
34.3096
25.0335
14.6585
11.3610
36.1167
28.9423

8.2180

8.1148

5.7148
16.0460

3.2988
28.6608
25.7703
30.1710

7.8324
10.5786

2.5689
21.6345
21.2592
11.5876
20.6866
33.2133
34.2216
37.1894
34.3647
15.9151

6.2685
37.7185
38.6717
10.7724
38.1421
38.2093
30.1198
31.2655
22.9110

0.6231
17.3979
25.2521
32.9663

8.0250
16.4760
38.4058

2.6246
16.4969



8085
8086
8087
8088
8089
8090
8091
8092
8093
8094
8095
8096
8097
8098
8099
8100
8101
8102
8103
8104
8105
8106
8107
8108
8109
8110
8111
8112
8113
8114
8115
8116
8117
8118
8119
8120
8121
8122
8123
8124
8125
8126
8127
8128
8129
8130

34.9530
38.5648
39.2767
36.7453
11.3392

2.3450
32.8398

7.1809

1.3973
30.8531
21.6210
13.2616
23.1287
34.1803
25.6950
16.8041
21.8365

7.2919

9.4510

8.2165
10.3875
37.7053
25.6628
33.1625
15.5505

6.7365
29.6047
34.9118
14.2210

7.1531
39.8569
38.3651

6.2398
37.1574
16.9830

8.9234

5.4558
10.4070
21.7786

3.2883
23.9251

1.1674
18.1964
13.2999
37.7469
12.1241

20.1986
34.7429
29.9405
29.8286
33.9175

9.4840
13.5012
38.5652

5.7405

41414
36.3458

4.6074
29.7748
28.9866

4.8888
39.3962

8.3258

9.9897
19.4496
11.7098
28.6599
22.9677
28.4410

4.0325
12.5550
37.1315
35.7172
23.9482
19.8659
33.0281
32.6312

5.6481
24.1866
31.6229
29.9434

0.3929

7.7361
15.3917
17.5503
35.6918
37.2114
24.0946
29.1590
35.7746
14.4736

8.1476

25.7425
23.8684

5.4380

9.9446
13.1532

2.1952
28.8228
31.6570
39.1297

3.9675
27.9644

5.4326
12.6243
16.5156

1.0290
24.7614
20.0355
13.7915

0.3119
27.5176
14.0011
39.2830
32.6620
17.4627
22.9060
38.8531
37.4023
21.5231
36.7124
30.4481
39.1474
16.7675

7.3888
35.4921
38.9448
34.1561

1.9252

8.0977
33.2208
12.9347
35.5304

5.2821
38.1539

9.2423

2.1591
23.7510

18.9227
3.0387
1.1068
2.0661

15.7717

38.8912

14.3173

21.1921

30.1751

14.4477
8.6255
0.5840

26.8703
7.3363

21.4515

10.5178

13.0804

39.1223
7.9780

32.0997

18.2989

22.8984
7.4331
4.7750

10.4282

24.7200

19.8804

39.5282
5.7227

14.1598

21.1557

27.4026

20.6330
3.6298

38.3557

17.8516

13.0836
1.4508

20.5329

32.2124

37.4394

19.3899

18.7940

33.7723
4.8499
6.0505

4.9022
11.9839
27.2956
30.1126
21.8271
28.8993
18.5170

1.7491

2.0190
26.4802
34.5433
19.6579
17.0708
31.6922
15.6265
19.0354

6.6547
22.2725

2.0272
27.2527
37.6849
26.4930

4.6095

6.1830
11.7453
37.0711
32.3218
23.0087
22.5438
22.1170
37.5934
26.3399
12.9256

1.4487
38.8842
18.5598
23.6417
28.8256

0.4685
33.2109
25.0971
39.8737

2.2235
12.8905
39.4032
31.1612
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37.6127
0.6756
16.1426
37.3698
36.8365
29.5896
7.6326
38.9227
28.6247
12.3864
31.5359
12.4846
31.5922
35.7228
0.0409
4.6329
8.5425
13.6294
2.3866
31.5505
3.2485
6.9508
30.4581
7.3352
5.7160
30.3149
7.1640
37.5178
8.3302
11.4049
39.1486
19.0102
10.7805
1.6349
30.1921
9.8205
36.1894
18.4157
28.8855
2.3535
0.4717
16.0103
39.8052
37.4132
28.9654
37.6371

29.1681
30.0198
36.5509
12.6056
31.4452
14.8559
21.4290
19.9100
15.1516
33.9731
10.4078

6.1021
20.2005
32.1113

1.1057
17.2789

9.3880
31.9991
30.1415
37.7733
30.1547
32.2016

4.7164
28.7031

2.1417
37.5958

7.7033
14.6431
20.5799
34.8463

1.3452
20.0949

9.8622
30.9182
25.9491

5.1182
11.1286
36.2161
37.1534
20.9917

1.0579

8.4340
18.5270
32.8185
13.2759
32.1732

31.1879
22.0274
27.3720
21.9997
34.3702
12.7543

8.4676
16.0440
32,5714
25.5733
15.0063
13.6363

9.0049
29.4404

0.7666

4.4443
10.3534
24.4467

2.5702

2.6843
17.5307
39.8665
17.8450

7.5637

4.4672
10.9449

0.2445
10.0872

3.7109

31.3296
38.2634
27.6134

4.4124
35.7147
38.4902
15.8581
34.1415
22.4813

4.6834
21.5194
33.5129
21.9635
17.7819
37.0155
39.5177
18.0844



8131
8132
8133
8134
8135
8136
8137
8138
8139
8140
8141
8142
8143
8144
8145
8146
8147
8148
8149
8150
8151
8152
8153
8154
8155
8156
8157
8158
8159
8160
8161
8162
8163
8164
8165
8166
8167
8168
8169
8170
8171
8172
8173
8174
8175
8176

17.1290
26.4414
15.2435
5.4468
3.8651
12.2065
32.9553
25.0901
8.2373
39.2074
17.5110
33.4078
21.5672
1.0051
0.2730
31.4434
17.8957
11.5495
34.5272
26.2491
11.3877
25.7826
10.5432
6.9911
14.7448
21.5017
37.0563
29.9648
5.9094
0.1155
5.0806
36.6769
26.8849
4.5516
38.4001
47753
19.6966
14.4525
18.8000
2.3512
13.2005
10.5808
9.8367
37.9071
1.2977
36.2460

21.2112
37.0881
8.3980
39.2807
16.6546
10.7465
29.2296
21.3644
15.0045
15.2962
8.6864
33.8059
2.8696
14.5008
4.3835
36.5432
1.6203
9.1172
14.0495
35.6393
19.3585
8.3765
12.7261
35.9714
0.2795
6.9554
30.7096
7.0228
20.2936
11.7521
34.9300
32.9394
39.9529
14.9817
20.3238
29.9399
15.9966
37.2662
17.1074
1.6888
6.3021
14.4541
2.3542
33.7344
35.5994
2.3558

36.2260
33.1533
36.9845
16.4380
22.4964
26.4692

6.3284
34.5019
16.2865
32.0776

7.3277
39.5089
34.3979
32.9534
16.2242

2.7452
24.4287
39.6392
17.4656

6.3434
35.4734

6.5480

0.0694
34.5744
38.9614
28.8630
28.8262
21.9977
24.0808

4.2424
27.5454
33.0221
31.5202

4.0107
36.6201
14.4791
12.9868
38.2660

3.6328
30.1530
15.0282

3.5484
39.1792
27.0870
33.1537
38.5053

26.5828
32.6954
32.5324
34.9006
16.4490

4.6510

1.0385

5.6106
27.0772
33.6545
24.1737

6.8101
22.7140
33.7926
15.5055
24,5734
20.4576
16.8828

4.0120
31.0323
10.4443

2.2328
14.4954

8.1894
27.3550

4.8554
19.8604
26.1553
21.2548
38.1949
28.4580
33.9549
18.5829
33.2767
22.0815
14.5436
27.0809
30.6266
18.4921
24.6755

7.8113
27.0594

7.8619
22.6481
38.0390
38.4943

28.8327
29.4410
4.2944
35.0137
34.7042
2.4532
31.0115
4.0350
30.8478
31.2369
1.3300
16.1365
7.8354
23.8671
26.2470
20.0242
10.2171
9.2267
9.9628
17.0565
11.9526
3.1554
7.9483
7.0599
3.2717
25.6194
9.0908
37.9562
5.9337
16.0260
16.3825
23.7852
16.9301
36.1337
0.3581
27.0304
37.5466
25.4282
22.9587
20.3865
15.3359
34.7432
24.5725
28.0427
38.2002
9.1340
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11.1000
15.7840

9.5402
31.0459

2.7035
19.8285

3.4999
24.8623
12.6666

3.6871
36.7581

5.5410
39.9143
33.8039
27.4982
37.2701
22.8776
11.5305
24.2801
18.4444

9.4715
33.2147
11.1994
34.9650

4.2569

6.0917
28.8313

2.3263

0.7789
12.8618
27.2466
33.0911

7.6828
36.7199
20.5337
25.9701
12.4114
21.5492
37.6105
29.7765

4.5300
31.2845
34.6641
19.7732
33.7543

7.9265

8.4516
30.7166
4.4686
19.2226
21.7779
19.0394
5.0260
3.0490
33.2830
29.2292
19.2128
2.6764
22.1101
19.6831
39.8665
15.7484
28.0151
14.2819
39.8341
9.3819
3.7708
30.5698
34.2254
15.7407
8.0328
9.4923
0.0726
17.9192
3.3592
36.6820
17.5677
15.1103
27.4879
26.1405
10.5965
22.7120
26.6156
29.5686
1.0375
18.5923
5.3356
29.9648
30.3284
9.8909
38.5198
9.9113

16.7555
23.8026
13.5780
17.5102

2.8376

7.1865
38.8527
22.1320
18.5331
15.4415
24.3246
18.9387
27.8467
27.1128
26.7010
29.4932

7.3888
11.9165
12.6954
34.1243
34.5487
17.2282
39.0207
30.6617
14.0031
13.7132
20.8690
28.2100
30.8856
38.8080

0.0692
33.1562
29.1036
36.4110
19.0657
25.8091
14.8844
16.9210
32.5503

5.6250

9.7362
38.6084
11.6087

7.1586

0.7107
30.2710



8177
8178
8179
8180
8181
8182
8183
8184
8185
8186
8187
8188
8189
8190
8191
8192
8193
8194
8195
8196
8197
8198
8199
8200
8201
8202
8203
8204
8205
8206
8207
8208
8209
8210
8211
8212
8213
8214
8215
8216
8217
8218
8219
8220
8221
8222

14.7399
26.5016
38.1450

3.7651
27.4126
16.4976

4.4715
19.6734
18.4621
35.0823
26.4096
11.1186
26.2867
25.8166
35.8889
35.2935
13.4069
17.0801
32.1506
36.9238
34.6690
19.9860
23.3793
36.9903

6.6447
14.9744
10.3763
33.2192

2.8071
11.2412
22.2018
24.7587
16.3915
10.3371
16.6698
15.2822

3.8534

5.2514
24.3959
26.2477
33.6398
19.9927
12.2879

6.7906

1.9506

9.0327

8.0997

3.4948
22.9229
17.4796

3.5525
31.0289
29.3571

5.8091
24.6331
31.9283
32.8092
14.7450
32.3975

2.4272

3.6300
32.2234
21.8792
35.8050

7.4744
33.2984

2.5056
24.0012

2.4029

9.3413

8.7883
10.3700
23.9714
27.7966
36.8851
26.2230
25.3457
16.0719
14.3137
18.1595
33.5573
15.6005
35.5870
32.4579
32.8901
34.5958
13.5498

2.5306
10.6745

3.7028
26.8524
37.7966

25.2488
1.1396
19.8298
7.3491
24.5748
15.1364
25.3204
33.8856
30.0544
15.0192
27.5212
2.1068
32.2024
29.0068
1.4256
20.0690
37.1239
9.9198
36.8451
6.0776
9.1940
33.4358
31.2973
27.9963
33.9155
5.1856
6.4588
8.0674
21.2859
35.0994
23.5142
13.0342
27.4287
3.0195
11.4874
23.7097
6.9276
8.4394
35.6598
35.1186
7.4223
12.0701
13.9720
7.0801
7.1961
31.2579

31.2349
30.8566
19.9561

4.4695
36.6170
34.2111

7.7946
15.1639

7.9823
25.3283

4.4392
38.8357
37.7327
25.7546
17.1415
33.4456

5.7843

6.6486
36.5791
19.2568
15.9667
20.8000
36.6808
26.6383

4.0025
37.1583

9.0387
33.1220
36.9809
32.4209
28.9139

5.7051
29.0147
30.8642
27.4309
37.8669
28.6018

9.8175

7.4058
10.4350

3.1410

1.2414
19.3590
16.2852
18.7468
25.1178

29.1055
7.9618
17.6600
13.5596
26.7598
39.2954
26.7896
5.6112
18.4315
0.9095
14.5943
13.3228
37.0857
12.7282
25.3827
29.1989
8.4043
15.3656
4.6915
5.1616
27.3544
28.4505
16.1827
0.2582
13.8900
22.9578
21.2981
9.1283
39.2081
9.5948
18.6615
25.3438
39.7856
33.5511
19.9845
7.9110
1.5862
23.0478
9.3352
17.2818
3.1690
35.3440
18.7895
21.6289
4.6373
32.5063
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16.4537
21.8944
19.3661
34.2194
22.5233
34.0592
17.5492
13.9348
15.9881
12.8713

7.9752
17.1928
35.3336
23.9555
31.6455

1.8416
35.0773

8.1513

0.8667
35.1007
30.9679
33.8713
37.6568
21.1627

3.1895

0.9519

5.0828
24.9330

2.2251

9.3818
22.0351
19.7980
26.1782
39.4897

1.2937

2.3160
38.6815
13.2799
21.2969
36.1355
33.0080
11.9383
24.7639
36.0069
35.4265

3.1372

35.3558
18.9215
14.3241

2.8127
14.1710
23.7588
14.1554
26.0273
21.8140

8.9365

9.5354
12.7846
241727
23.4826
18.2468
10.6657
10.7961
39.7180
25.8349
19.2073
25.1443
33.9564

9.7302

5.5526
11.4605
25.1110

8.1256
26.2993
16.2841
33.8697
30.5992
39.5281
33.8057
36.4135
19.3092
19.0519
14.5008
36.5750

2.4003
39.7126
15.2920
15.2749
24.6207
11.9866
25.4860
33.7056

10.4331
19.4999
38.3106
21.4184

4.3533
27.7620
12.7747
15.0426

8.8560
15.7936
35.9429
36.9465
23.0547

2.5417

9.1359
23.8369
28.8391
36.5781
18.4601

6.6323
13.7953
32.4602

5.7103
30.0195
30.9596
17.5565

3.7313
15.5321

1.4226
37.3759
30.0160
23.4001
25.6549

7.3997

7.6735
20.6317
23.0130
27.2417
13.6061
12.7017
36.9592
14.4020
10.2272
28.3911
24.8512
11.4386



8223
8224
8225
8226
8227
8228
8229
8230
8231
8232
8233
8234
8235
8236
8237
8238
8239
8240
8241
8242
8243
8244
8245
8246
8247
8248
8249
8250
8251
8252
8253
8254
8255
8256
8257
8258
8259
8260
8261
8262
8263
8264
8265
8266
8267
8268

14.6788
22.7139
22.7886
31.1511
23.6097
4.4265
25.6271
2.8808
14.6338
11.4921
29.6575
2.6795
30.2866
9.6285
9.2364
0.4795
5.2990
8.3755
8.5673
36.2318
11.1109
3.8841
31.3129
26.7008
24.5069
13.7517
27.6136
9.3424
12.3212
14.2920
8.6679
27.0912
29.4406
0.4007
14.2366
9.5982
37.1043
30.5195
15.1755
27.4383
27.9549
23.6159
38.4822
31.2538
21.5371
3.7655

26.2524
16.6544

9.6643
14.0397
27.9896
19.5487
32.8149
13.1985

3.7627
33.2705
17.0671
10.2780
24.2357
23.0850
38.4579

2.5351
28.7774
36.0804

7.8074
35.9067
32.8642
26.6378
26.2670
21.4217

5.9216
24.6149
14.9566
17.5493
23.9666
35.1188

4.6365
39.4296
34.2902
17.6642
33.2648
11.7058
20.4374
30.0495
15.2131
10.6507
10.5042
23.3050
17.7248
17.8591
39.1479
31.6544

27.0488
21.5821
24.8524
10.4904
12.4873
34.1484

2.3636
13.4545
37.6996

5.2096
30.2574

2.6639
37.9205
26.1468

4.1299
16.0107
22.8084
25.2796
10.7907
29.6038
14.9500
30.9190
29.7094
37.7591

3.9121
12.7741

0.0244
19.9172
38.7348

0.9616
19.9972
16.6497
33.0872
28.7486

1.6789
30.5827

7.3211
23.8423
23.9813
33.8927
34.3751

6.1258
29.4195
34.5447
37.9759
15.3295

11.7081

4.2182
21.3080
36.5844
24.4531
35.3354
12.9121

8.9524
29.1914
14.0686
15.0173
11.6889
13.4524
33.3890
37.2385
26.4158
32.0177
11.5924
39.2047
37.3864
10.1156
28.0806

9.0882
28.1040
14.8955
30.5743
23.1527
13.8649
25.9158
31.6042

8.5727
38.5687

7.3774
27.5382
35.1138
38.4193
17.9219
26.4064

7.1164
22.8081
35.0146

7.5585
20.8253
16.5162
15.6304
18.4345

18.9076
25.0607
22.9334
21.5349
24.4634

6.3296
31.6205

5.8360
24.7712
12.9298
27.8078
24.4650
14.3447

6.2488
10.3069
18.7456

9.2925

2.2314
20.9568
36.7920
18.2258
18.7732
15.5898
39.3779

2.3919
31.4820
15.2831
24.2847
21.9911
21.4423
12.4135
35.6223

7.7298

8.1170
29.3641

6.2789
31.1591

1.2744
16.8847

6.1678
20.3070

7.0106
16.0635
37.4483
11.6548

5.7575
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25.1468
37.0618
28.4088
18.1467
32.9596

5.8802
11.2317
29.2247
16.4047
16.2550
36.5068
30.2279
19.4776

9.4973
14.9288
35.1552
34.0749

3.8170

8.9305

29.7933
17.5316
34.6138

3.7539
31.6081
27.4608
27.0998
12.9969
16.9217

0.3270

0.3276
23.7211

1.7131

3.8923

5.2147
25.7736
30.5059
34.8230
20.6628
39.0203
25.9933
14.3624
35.6297
28.7700
21.5841

2.6236
38.9627

36.7371
15.9640
15.6365

4.3033
18.6276
24.2483
19.0774
35.6717
16.0988

5.2395

9.4469
25.5663

0.0257

0.2924
39.9459
29.6015
34.0455
12.0519

29.5368
28.7225

1.9838
17.3992
34.2881
28.5325

7.7935
39.5994
25.1286
34.7199

5.9517
27.7996
23.5640

6.1678
214311

7.7487
29.6312
11.6413

6.3565 38.3284

21.9175
17.1555

5.9819
12.7463
31.3271
30.1463
17.9391
23.0848
37.6243
10.7755
16.8402
21.9085

4.6384
39.3979
15.6294
20.1770
32.1442
38.5680
22.7660

4.4589
29.2390
33.2266
36.9470
18.0070
33.5243
25.8867
13.9882

32.5041
8.9366
8.1529

37.5740
2.0355

32.5481
0.4713
3.4291

28.6536

39.3112

23.2207
2.0372

26.0558

13.2482
7.8498
4.3041

21.3834
0.2229
2.7321

11.0881

39.3744

15.5493

23.6151

23.4648

13.3730

25.6488
6.2206



8269
8270
8271
8272
8273
8274
8275
8276
8277
8278
8279
8280
8281
8282
8283
8284
8285
8286
8287
8288
8289
8290
8291
8292
8293
8294
8295
8296
8297
8298
8299
8300
8301
8302
8303
8304
8305
8306
8307
8308
8309
8310
8311
8312
8313
8314

35.4403
10.2998
18.5403
13.2319
30.2709
32.1140
32.1247
35.0655
3.4990
26.7165
20.0969
13.4225
23.5425
14.0773
8.2687
10.4862
3.9460
6.0025
12.8408
23.7756
6.1495
2.5050
0.3113
30.9704
27.2818
4.8201
28.7701
6.4742
4.8064
27.2461
5.7931
2.3131
5.3977
0.5912
7.5647
2.8345
1.5144
12.3148
20.6294
15.7404
39.8078
17.5840
6.0576
31.1220
29.6469
3.5057

8.4589
37.9428
2.3420
0.9579
8.3394
11.7714
14.6411
34.0026
37.6704
2.5520
16.3830
37.8980
8.9144
1.9026
0.2889
8.7987
26.9376
5.2742
28.1739
15.3954
14.4865
38.5040
3.5028
10.2264
16.5047
28.1571
29.9191
1.4975
31.2538
12.6787
16.5769
3.5161
13.9750
5.1769
12.1731
37.8487
30.8051
32.8523
4.5913
8.1324
23.7039
0.4277
10.8725
26.4361
8.0300
27.4289

3.7389
7.9586
14.4350
36.9657
17.5629
15.0846
18.9921
3.3856
19.1158
30.8515
5.9922
12.1422
39.3957
15.8463
26.5481
30.8754
24.5524
7.1181
0.7804
7.9102
21.9744
12.4193
8.0724
19.9779
24.3665
32.3113
24.6170
16.2249
18.8449
0.2923
17.4643
6.4145
18.7679
32.6576
21.8838
1.6543
11.1918
2.1096
14.0634
5.6144
14.3934
8.0860
11.6504
29.9879
31.5995
39.7660

33.6771
4.2201
23.3526
16.7055
11.4351
34.1153
12.9183
1.8936
29.4700
1.0423
0.2391
17.0241
45725
4.4294
24.0150
14.8469
7.9105
21.7751
16.2240
35.4637
13.0107
14.8054
17.6290
4.4336
21.2217
5.5689
25.9348
38.3040
26.5701
31.8321
16.9534
5.8637
19.3225
33.1943
12.2811
36.0098
21.4532
2.6700
6.9521
2.6950
32.8726
11.2648
32.1193
5.0170
15.2343
8.2895

36.5323
36.9799

7.0677

1.5173
15.3675
30.4411
20.3633
19.9442
26.3846

6.2634
28.3077
22.6483
33.3778
31.7557

1.0056
17.8975
11.8523

1.6956
32.2785
27.1425
18.8787

8.8790
11.9842
21.4788
10.1643
10.1197
30.0842
10.3627

0.4699
18.3372

8.9617
34.2806
25.7148

5.5176
31.5999
22.7783

4.8884
23.2560
11.3586
37.1851
14.8454

1.2440
36.3908

6.6533
16.8123
14.0532
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0.2444
39.7381
15.5892
33.4365
32.1952
34.5499
34.2518
36.8929
34.0365
35.3549

0.5445

8.7688

7.9890
38.3169
15.3881
36.7570
29.9931
15.4585
38.2531
20.6858

5.5298
15.8788
34.8603
12.3080
28.0856
24.1783
26.8793
14.3654
18.9098
22.2723
14.1100
20.3022
37.8811

9.5402
27.9416
23.5065
20.9358
11.3565
27.2003
25.5942
11.7504
27.1973
35.4935
36.4273
35.9093

0.7670

34.1983
27.4942
35.9324

4.3831
27.8743

8.2387
31.2885
21.9820

7.6130

4.3867
22.1442
23.1350
10.8225
32.3133
25.1670
27.4498
37.1808

8.3709
16.8416
17.4028

7.4198
29.4437
10.4127
36.2766
16.9542

7.9897
15.1539
21.7433
31.7179
27.7927
21.6521
18.5905
21.2473
10.5226
17.1156
23.1887
30.8838
12.2298

5.3718
34.7878
35.7100
36.7961
14.6200
13.6282
36.8351
39.8844

26.4422
28.7523
10.5169
18.1763
33.3418
20.8071
33.4975
27.7806

7.8821

1.8568
33.3549

3.7872
19.0285

6.5448
12.9615

3.9264
39.6000
35.7572
14.9591

1.1750
13.1924
15.9334
34.8380
20.2656
12.7744
28.2763
17.7614
39.8660

8.7009
14.3714
37.7515
24.5760
26.5499
18.9194
17.6176
17.1802

4.2500
21.5793
34.8813
32.6514
18.5101
20.6039
18.2583

7.7775
34.4259

0.6976



8315
8316
8317
8318
8319
8320
8321
8322
8323
8324
8325
8326
8327
8328
8329
8330
8331
8332
8333
8334
8335
8336
8337
8338
8339
8340
8341
8342
8343
8344
8345
8346
8347
8348
8349
8350
8351
8352
8353
8354
8355
8356
8357
8358
8359
8360

18.8170
11.7132
16.2740
17.2095
34.8505
28.2900

0.5719

0.9833

9.4798
23.9306
37.0479
13.3765
17.7213

3.9655
28.6060
28.8655
31.2988
37.6818

1.9027
32.0140
18.6715
11.1656

1.7888
31.5020
35.9650
31.0274
33.4980
13.7768

7.6477
15.1376
10.2534

0.8585
11.7312

9.6169

8.1036
13.9288
21.4860

4.9726

7.7095
19.5448
16.2804
29.3968
11.9962
32.2854
36.5466
30.6043

4.2914
17.8798
5.0816
20.7910
10.2710
6.3972
16.8686
22.3477
12.0264
29.4232
13.6070
1.7877
16.3274
12.8873
14.3326
2.1688
29.9403
3.1895
11.7017
16.6627
27.9913
9.1638
31.9593
30.4317
13.6301
9.2413
28.3513
16.2579
37.7994
26.1475
4.1362
31.2319
27.8987
43112
8.2537
37.3391
8.1882
1.6211
21.6960
0.1753
23.0359
17.8456
33.8605
23.7367
2.1317
27.5037

35.0760
8.2683
8.4116

37.7050

26.6762
3.5925

19.5610
6.1783

35.0211

35.3929

26.3707
1.0800

38.3218

25.8383
3.6002

11.2800

30.6781
7.8361
0.9972
5.2696

13.9603

27.5813
3.8243

19.9688
5.2790

25.0739

21.7544

24.1518

32.1816

20.8958
4.0419

27.1363

32.7418

15.0407
0.0029
0.6514

10.3811

37.7107

16.0341
5.9978

12.1985
6.6276

14.9658

26.5692

29.2664
5.3988

7.3575
29.3822
30.3595
39.0667
27.3126
32.9049

6.4460

2.8961
19.1104
14.5975
26.1041
31.2551
24.9387

1.7104
22.1527
32.9803
20.9806
38.9814
21.2695
37.6698
30.8460
39.5376
21.6870
27.7800
18.8794
10.1901

7.0172
35.5506
28.1863

3.5199
26.4473
36.3755
29.3576
10.2009

6.5224
10.1142
26.6012
19.1168
19.5011
11.4896
26.6263
20.4876
25.0161
19.1019
13.3371
35.7410

20.3758
1.1443
8.8489

27.4958

27.4317

20.3393
0.9235

28.4004
3.9044
8.8624

21.3567

24.7750

17.3336

21.6858

36.3987
2.9601
7.1477

31.0615

25.4302
5.6843

25.0427
3.7429

31.0096

31.6549

11.1448

22.9753

37.0640

13.6478

22.7501

29.7892

32.5698

36.2143

35.3559

31.7601

38.5847

38.5077

11.5945

35.3090
5.5984

31.4361
2.5058
0.0081

12.2422
9.4140

18.5726

10.8023
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29.2838
32.4492

8.8204

6.0723
38.2565
32.0423

8.6446
29.9711

3.3197

3.3505
14.7132
37.7766

6.9215
32.6988
10.4126

0.2510
26.2174

4.1563
25.1948
32.7822
27.3459
12.0738
28.3171
26.4198
36.7680
36.0101
12.9292
13.3200
30.4155
35.9307
27.0480
12.1676

1.3871

6.7103
38.7392
17.2544
31.6380
17.7452
28.7403

6.4209
25.3668

2.7677
20.2207
33.6558

0.0755
25.0627

38.3685

4.0423
14.9248
24.5303
30.3798
25.1583
36.4966

1.3460
34.0930

0.3310

1.7519

8.0013
33.1177
14.7387
18.5285

2.0168
13.0996

3.7551
17.4039
37.0947
29.8394
18.8563

9.3518
17.2281
24.2527
17.0357
10.1963
20.4159
34.1222
35.2703
27.0559
26.5807
38.2004
18.3199
32.7949
20.1509
38.7934
19.5146
28.6457

3.1753
17.2679
29.0915
13.7575
28.4192
19.2363

0.7401

13.6823
10.5679

5.8876
38.0191
12.7490
33.6733
26.3404
13.3854

1.4650
20.2352
24.3704
26.6146

3.4888

6.8545
39.7882
22.8818
39.3116

9.4262
23.9259
36.9032

4.6807
15.7735
31.6654
36.2368

7.0847

4.5950

1.2339
12.7496
34.3803
13.3844
19.0294
37.7622

1.3461
25.2709
32.5179
20.3568
38.8335
34.7287

9.5518
13.7690

1.8593
22.7099
23.3912

1.3221
33.4736
26.3503



8361
8362
8363
8364
8365
8366
8367
8368
8369
8370
8371
8372
8373
8374
8375
8376
8377
8378
8379
8380
8381
8382
8383
8384
8385
8386
8387
8388
8389
8390
8391
8392
8393
8394
8395
8396
8397
8398
8399
8400
8401
8402
8403
8404
8405
8406

13.3685
28.7735

1.3437
24.6250

4.4874

2.0241

2.2084

1.0488
38.2174
21.0086
30.2502
23.5927
29.5562
12.7767
33.9252
19.7459

4.5934
32.4909
26.6732
15.2713
28.7524
16.7451

2.2373
23.4000
11.9531
16.3825
23.4436
12.6249

5.8943
39.6612

4.2997
13.3703

1.5184
36.8963
14.9257
39.5664
21.7382
22.5327

7.5159

8.6198
19.4123

8.7800
37.4749
11.1050
38.1241
32.5973

5.1456
37.6607
1.5592
28.2181
30.6333
28.0459
15.7906
35.7410
18.7899
24.6236
5.2295
33.4100
17.8709
36.8658
30.8161
8.6038
5.6518
4.5192
8.9885
8.8762
8.8781
17.8821
12.3883
32.7283
23.4912
34.8479
29.4190
28.0840
34.1733
5.3569
5.1401
18.2972
11.5801
26.8349
9.2665
8.3609
24.3948
24.4927
39.8008
39.5910
28.9137
33.1357
14.6221
5.8425
31.2996
25.8578

9.9371
39.0552
28.1538
17.1037

5.7524
18.3416
24.0102
30.1655

7.4496
32.9190

9.1538
36.2370
38.1410
20.0607
13.2848

7.7808

3.1646

6.5455
25.3145
30.3352
19.4429
10.6965
24.8607
33.5992

7.9289
31.4793
21.5356
20.3614
22.2786
12.7612
16.4519
36.1780
34.6535
36.9014
22.5495

7.4530
27.0637
14.2920

7.2072
16.5385
32.0385
10.0513
26.5995

7.0786
17.2834

3.8328

14.4413
21.7578

7.3813
38.5863
34.3131

8.4574
20.6779

2.0454
16.5639
13.4216
13.8923

1.9681

9.2447

8.4583

8.1763
28.0785

7.2683
13.1532
10.1740
20.7516
22.7860

9.6780

6.2188
34.2328
10.9240
21.4845
25.6254
34.6810
38.8908
22.8479
30.6116
28.3598
38.6403
25.1400
21.8763
22.4722

8.0378
26.9823

7.3471
25.6928
17.5065
26.8641
33.5992
31.6325
30.6379
21.9396

2.5592
33.2273
35.7423

3.4850
30.9753
32.1732
37.8224

6.7839
36.3838
35.6768
28.2944
18.0522

0.0263

1.9070

8.5352
19.0376

1.9195
27.8696
32.1333
18.7661
15.9181
23.8490
24.3907

5.6513
30.7173
31.6777

1.5232
30.0942
15.4049
16.7219
14.6133
12.7348
17.9863

0.3402
15.8322
20.5677
33.0335

9.9346

0.3198
11.1597

1.9652

2.8530

3.6071
24.7644
27.1111
12.2241
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2.5727
37.1958
33.3246
32.8541
30.5914
27.8986
31.9821
35.9702
20.7910

9.3232

0.1875
15.2113
22.0005
17.5989
24.2460

3.7352
17.4381
38.8100

9.5922
26.4695

6.3418
12.6107

2.5778

9.9244
17.4775
28.0417
36.3522

2.6497
14.2950
10.7810
36.0022

5.0102
29.7104
38.7658

24717
249475
22.8304

2.0546
33.7103
29.4458
32.2384
22.4638
36.1572
22.2494
25.4472
18.3541

7.5420
17.6522
36.2502
37.5840
22.5323
24.4519
35.6516
20.2393

8.6031
28.0933
32.2649
26.8450
21.1942
36.5234
12.1187
12.2311
20.7842
15.1941
16.7351
28.2582
18.7883
37.5514
30.3454
19.6719

2.3515
38.5538
19.6826
19.9893
23.1975
12.7825
12.6553

9.0499

5.8674
21.4023
29.1218
22.3327

4.3641
35.5411

7.6315
32.0574
22.6578

9.7687
13.3866
27.9115
32.9584
11.0288

36.9037
37.4890
0.8740
3.5539
7.4660
36.1353
34.3982
22.2471
9.7190
35.2370
25.8159
12.1592
18.7525
13.3777
14.5108
30.3176
1.4101
35.9721
7.9563
39.0655
3.0755
8.7219
5.6220
15.5777
28.4828
1.3059
25.9905
19.6438
38.7404
37.3471
11.8718
7.9411
8.7687
39.2182
0.9659
15.7658
9.8747
2.3892
11.1489
3.5412
1.2816
37.1176
5.5179
29.6978
26.8723
37.0360



8407
8408
8409
8410
8411
8412
8413
8414
8415
8416
8417
8418
8419
8420
8421
8422
8423
8424
8425
8426
8427
8428
8429
8430
8431
8432
8433
8434
8435
8436
8437
8438
8439
8440
8441
8442
8443
8444
8445
8446
8447
8448
8449
8450
8451
8452

13.9840
0.8642
13.6405
15.3759
3.7316
38.7701
7.6018
6.5848
20.2813
20.3295
2.0591
14.6805
23.3919
39.7900
17.4053
27.8399
0.6590
6.1016
35.9816
1.8551
11731
22.9778
13.6162
8.7720
36.1596
27.3235
14.8659
16.0447
8.1988
9.5080
35.3744
36.8497
31.2660
9.6766
23.3439
8.0742
5.0827
27.5068
36.4296
30.0376
32.9164
9.0048
15.4699
16.7475
37.4314
4.2222

39.6594
31.0014
38.8177

5.8344
28.7223
11.4990
24.1227
18.7254
22.7454
36.6139
16.6650

3.5513
30.6986
14.8844
19.5401
11.7146
24.4872
33.9663
25.5438
19.9150
36.8656
13.8873

0.8832

1.9326
31.8461
38.8357
29.6662
11.1514
28.5631

3.9245
36.5593
31.3868

6.0726
16.8435
38.1937

7.5795
10.9367

2.1509

5.9372

3.2211
28.4605

2.8008
20.9659
31.1267

2.8598
26.4538

12.0381
28.7881
15.3416
17.5358

0.3637

6.9012

3.3280
26.2051
17.3963
25.6994
20.7166

5.2649
17.1716
39.7380
15.2263
33.5576

1.9476

7.1920
28.1284
11.9142
16.9298
21.3510
30.8654

9.5206
25.0243
28.7201

8.7548
19.5712
35.4365
39.9828
31.4624

6.5132
25.0769
13.0556
23.9814
29.9442
34.5013

2.4611
24.2922
16.6028
16.5628
14.9211

9.7042
20.3049
39.1223
18.3154

0.4392
32.3729
32.5697
26.0410

2.1538
17.7397
11.9386
17.2987
39.8209
38.2972
24.9749
14.1967
37.4862

5.5370
10.9270
10.7501
26.7868

2.9090

6.6846
20.9127

8.2950
26.6148
38.1316
16.5353

1.8679
18.5199
32.3477
38.5783

5.1164
16.3173
24.4596

6.8467
27.2231
19.9223
16.9596
39.4840
17.6627
31.4883
21.8319
34.3898
36.1981
31.4310
35.2472

3.9300

9.0302
25.9932

36.8993
0.4425
7.0415

32.0395

34.0891

32.5045

33.1318

39.2933

12.4347
9.1859

19.6576

28.2213

16.9905
5.6929

21.2875

36.7060
4.3374
9.0956

36.4759
1.0801

27.9386
6.8460

23.3681

34.5649

33.2878

15.0487

24.8451

11.8382

19.2448

20.6964
6.3772

19.4830

33.6762

26.5470

15.8155
5.4112

15.9844
8.4457

12.6900

33.3238

21.6927
6.3874
5.3258

30.2011

25.4148

27.9655

134

8.4964
39.8919
10.3377

8.9897
37.3368
13.1453
35.1448
13.0834
18.0148
20.1082
21.6113
20.4405

2.6453
24.0155
24.6200
15.3687
21.7945
16.5236

0.3324
25.4420
29.3919
31.6433
18.4769
10.8628

9.1589
35.3582
26.0712

1.0184
15.3412
35.2064
15.4052
34.2205
33.8703
16.7469
19.6383
36.8803
36.3167
16.7843
27.2948

6.6046

0.0041
23.5362
31.9842
33.7698

4.0299
18.4074

18.6773

2.6604
13.3527
30.7256
15.3798
25.8513
11.8110
17.0574
24.2059
37.0212
39.4757
30.8216
22.0077
15.4635

2.8291
31.8370

0.5342
19.2713

2.4152

1.9551
15.5168
21.2557
32.5930
39.3194
30.6116
18.1369

9.5177
33.5862
26.4506

7.3789
19.6021
25.1501

1.8034
22.6432

5.1168

1.4512
17.4481
23.7969
34.6382
20.8198
39.9524

2.3126
25.9691
29.9968
39.0525

3.8447

8.3729
21.1493

8.1151

2.7286
32.7286
18.0450
32.5022
17.6333
13.3043
38.1625
38.8483
16.8384
39.7469
15.2580
34.6421

6.2713
13.9883
16.5485
28.7233
22.5359
14.0032
11.6436
19.3822
34.4411
35.6089
21.3439
38.5004
36.2589
14.9593

6.4091
38.2887
23.8129
14.2177

4.5798
38.2736

0.2708
25.9348

7.6492
29.2072
16.5565
11.1401

6.3851
14.8226

3.1974

5.8672
32.8855



8453
8454
8455
8456
8457
8458
8459
8460
8461
8462
8463
8464
8465
8466
8467
8468
8469
8470
8471
8472
8473
8474
8475
8476
8477
8478
8479
8480
8481
8482
8483
8484
8485
8486
8487
8488
8489
8490
8491
8492
8493
8494
8495
8496
8497
8498

21.2516
24.8477
11.2137

7.9105
16.3355
14.5042

6.4761
35.7410
17.6191
26.8124

8.4171
18.8458

1.9966
19.8373
10.7888
27.3670
29.9198
15.6657
22.3531
29.2898
24.4649
23.2492

2.8242
14.9699

1.3436
16.2457
26.3183
23.0096
39.0382
17.6656
31.1135
22.7783

0.8440
20.4909
16.3021

8.7935

9.2184
17.5420
36.7958
12.7615
11.3734
14.5512
19.9727
32.5410

9.3927

0.8906

17.3947
15.7673
24.1755
39.8527
5.1120
7.9198
35.5106
2.4067
3.3308
23.4333
1.5168
4.1413
15.9664
21.5084
8.6353
15.4267
36.5512
14.4853
21.6682
7.3131
13.6601
34.0510
38.5732
21.4671
35.5047
29.9884
5.5896
0.1839
31.6502
20.5597
9.2414
28.1451
26.0299
34.7264
13.9112
13.2259
11.7508
0.5334
11.1873
34.3130
6.0441
22.0998
2.4398
33.8487
38.5117
12.0440

39.0522
1.7430
22.0860
35.0151
11.9791
2.5178
23.7596
7.6290
11.8299
9.4158
25.2321
1.5108
17.9635
8.5499
15.5115
1.3464
37.7814
18.3745
31.6206
4.2768
30.4190
38.9097
3.6850
15.0275
20.6319
0.1583
37.8954
18.0610
39.3257
9.3250
14.6957
10.5135
0.5299
2.8151
15.1307
22.3951
9.4420
23.6348
35.7404
26.0389
20.1556
25.7757
30.3704
13.1570
21.9272
30.4663

18.8685
28.0662
5.9217
8.0357
15.0735
13.3036
13.9026
24.4908
20.2450
10.2149
39.7185
21.3478
12.5153
16.1695
31.5603
0.8531
4.7949
11.5332
36.0842
20.2801
36.4314
10.7919
33.3623
24.8545
23.4399
24.8707
14.3766
18.9981
12.5583
2.6585
9.7208
24.2337
17.2803
17.4053
3.7997
2.3766
34.9262
6.6525
5.6627
26.2049
3.4294
30.9972
20.9407
9.6889
5.1307
4.8612

38.9178
16.5390
9.3932
6.4299
5.4748
5.1055
24.1627
38.6082
7.0843
2.2854
27.9634
4.5856
10.5744
0.5962
3.3662
15.3680
35.3987
37.3300
7.4347
20.1035
5.3554
13.5754
23.3304
8.4985
14.5364
32.3790
1.4902
38.9902
32.9382
12.0594
23.0103
19.6337
16.1143
0.0924
12.9896
14.4388
28.3287
37.6590
9.9958
23.3107
30.4742
38.6241
29.6500
0.1944
11.0501
4.7340

135

28.0210
16.3004

7.3592
27.2275
19.0527
34.8850
11.5050
24.0276
16.8369
31.2961
22.1116

0.7399
13.2700
30.1100
27.1210
18.1389

1.9929
31.9897
31.8912
29.5697
31.2322

3.2580
32.9558
21.7684
14.5899
25.2303
14.5568

3.2353

1.9939
26.2665
37.4519
37.1140
16.2417
31.2666
21.1809
38.2510
29.1700
36.8595
31.3209
22,7739

5.0683
21.4354
20.0678

7.8341

8.7092
24.7362

11.8006
32.7183
37.0215
29.6482
22.7813

1.5782
32.0812
18.1139
37.3153
32.3009
37.8560
31.5186
34.5293
39.0097
16.7699

0.6888

8.1129
36.2928

8.2994
24.4992
34.3530

8.7767

2.1097
22.6858
30.8232
30.4656
12.6318
13.0842
27.2830
10.1977
32.4057
26.4848
24.5440
22.2471
16.3948
20.3935

4.0498
37.5151
32.2079

2.0275

1.7577
16.5655
21.0161
25.2947
11.0221
24.2083

18.6598
36.5895

7.0116
31.2857

1.9751
10.3272
28.8753
11.7326
16.3584
11.4705

5.6581
37.9856
16.8505
36.0170
31.1584
36.8788
22,4122
31.1519

2.2298
29.6984
11.6626

0.9957

0.8360
11.1902
21.2851
30.0529

6.1473
38.2649

7.2091
15.9497
21.6658

6.2366
37.0639

7.7642
19.9963

7.2741
16.0426
27.1344

2.5146
39.8355
11.9171
27.0524
34.2296

7.5193
34.3549
27.9781



8499
8500
8501
8502
8503
8504
8505
8506
8507
8508
8509
8510
8511
8512
8513
8514
8515
8516
8517
8518
8519
8520
8521
8522
8523
8524
8525
8526
8527
8528
8529
8530
8531
8532
8533
8534
8535
8536
8537
8538
8539

Total numbers of image points of set F =

12.0449
11.9225
33.0371

5.4558
32.5832
34.4435
22.1177

0.7412
20.3129
28.5458
27.9099
35.7382
28.0474
37.4916

0.4357
32.7896

1.3707
20.6464
26.1332
30.1651
11.1999
24.1220
35.5512
25.7294
31.4425
19.6456
16.1384
35.0976
28.3273
33.0597

0.4268

3.8223
21.7314
34.2487
10.5742
31.0219
25.5168
29.0024
35.7859
30.7195

8.2739

9.3285
37.4039
33.6859
31.1916
20.3040
23.2977
23.4585
16.8211
33.3235

6.2097

4.3740
20.9293
22.1128

6.5487

5.9750

2.4102
17.3007
19.5942

0.2103
10.4575
13.7032

0.5382
28.0330
33.9695
16.8230
32.4396
39.5966
17.3276
38.4869
17.4097

8.2977

8.0971
30.2387
37.7725
34.4192
16.2682
38.0555
18.7698
28.2911
19.6263
14.6262

6.0592
36.6210
29.4521
36.3453
24.3552
25.0237
14.3075
35.4221
10.5564

4.1847
12.9922
21.0116

7.2397
21.6399
11.7240
38.5995
14.0428
17.3319
33.8024
13.6133
26.0648
21.0959

2.6988
12.1026
19.7600
26.7367
39.8525
25.4164
30.8438
10.3419

7.9554

9.5452
20.7678
24.7475

3.9953
16.2496
38.8475
26.0219
31.3165

3.1993
19.2224

1.8193
31.6128

3.1283
18.4658
34.1329
26.1372
32.0687
39.4037
28.3098
14.8987
28.1708
32.1928

3.5383

2.7685
30.9267
34.6009
14.1500
27.3858
241771

7.8195
25.9459
13.1647
16.9566
32.3772
28.3643
12.0157

3.9722
14.0351
34.5662
35.2141
39.2192
17.3733

7.5918
14.8495
15.4650

8.0204
33.3000
14.1138
17.2916
13.5120

5.9719

5.3026
15.2464
28.8398
22.9808
36.5745
26.7293
17.4377
39.5292

9.3312

9.0673
16.7503

7.8432

5.5258
10.2933
11.4703
16.4806

8.1999
13.5810
20.1370
36.8302
36.9859
17.1646
16.3866
39.8375
38.5088
32.7895
26.3455

0.5962
15.4086
15.8178

3.4300
39.8654
16.0802
17.1356
36.2417
38.7449
29.1449
20.5792
20.2310
34.1349
16.4546

8539

136

30.4788
4.5152
27.6876
2.3927
29.0005
10.0467
1.2785
24.7132
20.7588
0.4824
33.9146
14.8872
10.6491
31.8235
19.6557
30.9016
18.9106
1.9142
21.7194
2.6344
14.3180
6.9364
5.4240
18.8412
26.6836
9.4579
7.7711
27.5611
23.3300
31.0851
15.4290
0.1879
4.3147
3.7065
30.4485
31.7336
19.4427
13.7430
29.6493
4.5844
14.5706

32.9835
32.3993
25.1476
15.9999
17.8400
11.0174
35.2991
10.2898
13.0214
4.9601
0.7354
6.7408
8.3875
33.2420
21.0322
6.6921
27.6136
8.4306
24.5706
23.4267
1.9177
17.1473
34.1120
16.8817
9.4035
26.0705
2.8261
5.9298
0.5592
17.3511
34.0699
23.4422
23.8312
26.8961
35.0755
2.6124
8.3426
18.3299
7.9192
26.4196
15.6011

0.3810
39.7200
10.8220
32.9042
27.9698
32.3581
11.1466

3.3972

0.8964

8.0572
13.0674
17.3046
23.8238

2.6388
33.4459
15.8645
31.1129

1.9225

2.4140

4.8979

7.8894
12.7767
29.0280
22.0837
17.4130
12.5357

0.9791
36.7639

7.8091
26.5467

5.9269

8.9260

8.1189
31.1013
14.2579
26.1960

1.8747

1.7639

1.5270
23.4909
26.6233



Number The Coordinates of the Minimal Points

35.3782
35.3997
35.4565
35.4680
35.4706
35.5153
35.5360
35.5489
35.5579
35.6211
35.6508
35.6563
35.7182
35.7230
35.7805
35.7824
35.8293
35.8379
35.8889
35.9324
35.9330
35.9370
35.9402
35.9487
35.9771
35.9814
35.9816
36.0136
36.0339
36.0568
36.0990
36.1028
36.1149
36.1203
36.1651
36.1805
36.1876
36.1900
36.1969
36.3002
36.3420
36.3758

9.5626
2.1828
37.8855
14.4676
34.8609
2.4069
29.6375
1.8677
13.7659
7.0215
16.0672
6.8143
18.8643
29.7079
23.7458
15.8635
0.2615
22.7486
3.6300
0.2382
10.9369
38.2219
5.4041
7.5259
17.1687
25.0275
25.5438
20.4196
20.1664
3.2795
6.1641
4.7450
37.2728
0.0533
37.1280
8.2587
7.7958
5.9832
3.4366
3.7037
38.9591
16.8145

34.6912
33.7802
6.5008
12.1031
1.1775
0.7981
7.9929
10.9015
38.9147
2.8111
15.6926
22.6295
4.2472
15.5919
5.8650
10.2058
5.0222
0.6299
1.4256
9.4954
0.3390
13.6300
27.1694
12.1947
4.1444
15.2254
28.1284
0.7089
19.4348
6.9285
31.1735
37.9333
19.0884
21.0865
0.1845
1.8073
4.4592
38.2718
18.4322
29.0492
33.6623
7.1223

29.4844
19.2029
10.7519
0.4737
3.4861
14.9999
34.2694
21.6169
3.1845
9.1864
14.3989
19.2509
30.0039
8.6536
28.1278
31.1965
5.4015
25.7866
17.1415
29.7235
21.3233
35.6026
22.0419
12.6031
5.5162
9.5801
6.6846
9.0374
5.4572
23.8662
32.0277
14.4274
13.1974
8.6108
1.9614
8.4093
2.2477
3.0388
2.2390
27.4624
20.0468
30.2959

7.9640
4.1930
33.7774
10.3833
18.7967
38.8683
0.3718
10.1600
21.7757
7.9772
4.3023
18.7828
0.1443
7.8395
13.9896
7.3196
38.3945
18.9534
25.3827
11.6214
18.4664
15.3105
17.5997
9.7001
0.7321
0.7867
36.4759
27.1345
8.6254
13.2465
13.7453
20.5393
0.9345
36.9714
8.2444
38.8240
34.8506
17.4171
22.9128
4.8345
23.4481
3.1230
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4.1235
1.5399
9.0277
20.6481
36.4804
20.4887
7.1484
3.1675
13.7873
48173
7.2268
6.8094
16.3217
16.9393
6.9598
0.6657
39.2743
11.3368
31.6455
28.7472
8.9644
24.1643
35.2282
2.7385
11.3736
7.2395
0.3324
6.6344
1.0765
1.0380
0.0470
27.2368
4.9188
5.4611
4.9482
11.5234
23.8531
27.8227
13.4443
3.1598
1.8367
18.2710

4.7849
17.9376
5.7009
36.0228
38.1606
37.5448
2.1691
5.7893
32.3406
11.5176
19.1509
28.3337
13.1430
0.2592
34.3254
31.4185
10.5541
1.4112
18.2468
0.3150
34.5798
0.1778
0.6781
22.6193
19.4677
8.7821
2.4152
0.5171
18.0005
29.2908
1.9000
1.3212
1.5123
4.1190
21.5287
10.1390
33.1232
35.2192
8.3445
3.1999
10.1958
4.1750

4.7678
24.2469
0.7555
5.3111
0.9330
18.3875
6.0175
37.3126
1.9350
12.1029
17.8138
2.3124
23.6589
22.9934
0.0610
25.6781
20.3189
5.8219
9.1359
5.0027
38.7131
18.6765
1.3003
4.9209
26.5818
13.3962
28.7233
32.7150
23.2108
20.9879
20.8156
19.3718
19.8892
18.4293
13.7450
18.7220
4.0461
2.0596
21.9675
7.2476
1.4562
18.9690



198
324
1177
3204
5953
2175
8359
3120
5630
7022
7998
74
2426
7446
3372
1268
972
7316
706
8200
261
8058
1330
8157
4500
187
4887
8259
1890
8118
1139
5520
4437
5447
4483
1747
4585
7005
3272
2250
4622
7096
1767
7813
3469
1945

36.3765
36.3786
36.3852
36.4186
36.5121
36.5408
36.5466
36.5593
36.5622
36.5797
36.7137
36.7569
36.7712
36.8010
36.8013
36.8017
36.8535
36.9421
36.9583
36.9903
36.9909
36.9970
37.0093
37.0563
37.0734
37.0845
37.0971
37.1043
37.1552
37.1574
37.1774
37.1803
37.2048
37.2048
37.2121
37.2240
37.2321
37.2491
37.2681
37.2706
37.2775
37.2877
37.2878
37.3201
37.3863
37.4104

4.5284
15.0895
15.9223
25.8031
38.2132
20.5189

2.1317
17.9053
39.0986
26.3997
25.8418

6.7405

5.9091

7.3233
19.7595

5.3144

2.2833
15.5245
38.8897

9.3413
26.7677
12.2373
34.5509
30.7096
36.9936
14.1866

0.7087
20.4374
19.2421
31.6229

2.1593

5.0356

0.0019
14.1371

2.4276
12.1669
30.8386

2.4572
20.1361
23.8893
17.5339
22.9899
23.9867

2.4910
10.6636
12.3886

7.6715
11.5510
18.5655

9.7671
13.9234

0.2978
29.2664

0.2471
10.0454
33.9357
31.7520

4.4185

0.2716

0.4321
21.7097

3.1154

6.4149
36.1502

2.4878
27.9963
16.6689
20.0326
34.6371
28.8262

3.7307

2.3244
32.7396

7.3211
16.3148
35.4921
27.3104
14.0742
32.6769

3.1538

0.9835

0.8415

9.6244
32.2828
20.3731
39.4804
31.3717
10.0777
27.4857
23.0372

6.0539

0.0917

46134
38.4902
5.6032
2.1970
0.2910
8.6391
13.3371
37.6752
15.4567
0.1824
6.8793
19.1343
33.0164
21.8699
35.5613
9.4556
37.8266
0.0500
7.2581
26.6383
7.1717
13.0109
19.3831
19.8604
2.1487
35.8027
9.3347
17.9219
32.3973
3.6298
17.7883
30.5992
7.2773
0.5475
23.0810
16.5704
16.0970
22.4288
13.0426
19.6707
7.6763
3.1680
11.3512
18.1839
4.9786
9.9353

12.7141
0.6408
0.2932
1.5145

20.6223
6.6112

18.5726

37.0372
9.7821

26.4714
4.2816

26.4038

38.2343
3.3400

22.3499

24.7641

12.3817

23.3414

22.2092
0.2582
2.0919
2.8940

17.6045
9.0908
3.2109
1.6592

15.2152

31.1591
0.2944
1.4487
6.1652
0.6937

19.4483
2.4820
6.1546

27.0485

16.8228

21.6784

17.7781
0.3268
3.8121
0.0678
7.5371
2.8107
0.5736

38.2373
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0.3704
38.9435
36.6333
27.0593
37.8796
20.1382

0.0755
22.0002

1.2236

4.0098

5.7576

7.8698
29.8735
10.5975
17.0803
34.4651
32.9798
30.3234

5.2589
21.1627
13.3271

4.4529

2.4367
28.8313

1.2112
29.7955

7.2120
34.8230
13.1485

1.6349

4.2134
32.9361
19.5462
21.6177

0.7185

8.8800
30.8329

6.6580

3.8573

2.6679

6.8305
30.4148
35.6034
15.5590

0.2862
23.1228

26.9427
15.6705
23.3787
27.1324
10.7373
20.4524
19.2363
4.6218
9.2761
0.4975
20.2421
23.3416
16.5860
34.9993
1.1276
13.8005
2.9195
16.7438
14.9818
5.5526
12.7364
17.1418
0.9826
0.0726
13.5697
26.9538
16.4030
38.5680
30.2418
30.9182
17.1577
3.6091
12.2421
9.6687
35.2069
3.5457
4.2812
1.6087
3.1584
25.7183
16.7434
12.7306
0.0630
0.3276
16.8955
13.5241

19.3968
1.0976
24.8956
4.2398
3.1479
35.7802
33.4736
21.7541
1.5738
12.5035
5.6997
5.9397
1.4256
7.3720
0.4254
6.9524
20.5580
20.3257
0.2692
30.0195
3.9265
21.6345
4.8701
20.8690
37.9679
7.6552
11.9361
0.2229
3.6800
35.7147
8.4223
3.6007
30.2556
28.0173
13.1334
2.9552
0.5762
34.6542
7.1065
13.2574
0.5305
14.5245
31.4845
32.4544
9.4526
32.6058



2836
6704
6851
8512
3746
7227
4029
6022
7244
3290
5544
8332
5125
5412
7781
1099
3351
1886
1136
5994
409
6306
5298
1229
3958
3897
6848
4440
580
1519
11
3268
905
5303
3886
2191
6100
7077
7669
4925
6399
5922
2596
2797
4159
7854

37.4233
37.4729
37.4785
37.4916
37.5043
37.5159
37.5209
37.5946
37.5960
37.6202
37.6576
37.6818
37.6944
37.7011
37.7294
37.7320
37.7411
37.7438
37.7444
37.7540
37.7733
37.7813
37.8316
37.8379
37.8499
37.9186
37.9572
37.9696
37.9756
38.0218
38.0303
38.0439
38.0566
38.0739
38.1306
38.1871
38.2038
38.2219
38.2364
38.2681
38.2716
38.2784
38.2844
38.3079
38.3244
38.3820

15.5532
19.3032
9.0700
6.5487
18.7870
10.3821
14.7256
6.3575
12.8619
19.2938
9.5534
3.1895
5.2320
20.9355
9.4512
11.0407
18.3460
36.6486
5.8711
17.3606
9.9342
33.4603
4.9550
10.3653
3.1690
0.9516
17.2953
0.2801
24701
12.0479
6.6610
30.0892
29.2082
7.3573
27.4130
0.3043
6.9936
27.6870
32.6411
24.0571
22.1931
1.1706
3.0222
30.2704
17.3441
13.8629

11.9357
0.3273
3.9601

21.6399

34.2005
0.1542

10.7978
3.9783
2.2617

10.4748
3.2186
7.8361

20.0154

20.6303

11.2362
0.6735

39.0163

15.4519

12.7064

34.8723
0.2285

12.3016
4.1349
0.2764
2.8608

19.1966

32.5715
4.4364

25.3373

10.4445
0.2721

37.3701
5.7662

14.8327

19.8952
9.2895
2.9603
1.6441

12.6669
0.9276

38.5338

29.0963

16.0722
3.3341

32.3416
41743

13.4793
34.0763
5.2889
2.7685
6.0573
5.8129
0.9020
4.9494
11.0717
32.8251
15.7903
38.9814
4.8952
0.1910
22.5721
25.1701
0.1326
0.7872
13.5322
2.8177
11.6890
3.9939
16.6058
23.0579
1.3412
3.8039
6.4348
15.7556
12.9406
1.7486
27.3453
33.0781
0.7562
33.6692
3.2327
2.6739
24.6120
15.4822
8.3871
19.2930
0.6308
32.1789
3.1531
0.5103
12.9286
23.8205

22.4224
35.3639
27.3499
10.2933
0.3257
35.0640
7.1484
1.4049
5.2758
5.0565
8.3965
31.0615
3.8939
1.2666
9.5935
0.6228
18.6053
27.5472
3.0182
7.2813
0.9795
37.2289
5.7496
6.0355
1.0188
3.7184
30.3892
2.4323
14.5338
2.1453
29.3867
32.4937
18.0430
4.7347
35.1346
39.6842
0.4727
0.0085
1.4730
2.5625
6.3889
4.3048
19.0078
2.6427
0.5209
14.1100
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36.5994
21.5905
30.8581
31.8235
15.7324
29.5630
3.1708
28.8638
9.1843
31.6576
13.5801
4.1563
1.8182
12.3225
23.8274
10.3789
10.4621
10.3497
21.1333
28.6471
37.8030
32.9539
18.4013
25.4359
27.7854
23.6574
8.8985
36.9915
0.4204
2.2490
5.3785
6.8818
24.5296
29.6714
2.5762
20.5927
34.9930
39.3740
35.9716
8.2493
9.2201
0.4472
32.6165
33.8034
8.4301
1.5056

0.0940
0.4663
13.0196
33.2420
14.7876
30.4199
3.2482
2.6128
0.8244
22.6620
7.2911
3.7551
22.3613
20.1280
30.8304
2.4258
19.5000
10.8047
14.5457
17.4286
0.3373
25.2408
4.3573
23.1930
19.0069
27.5555
0.1887
4.9691
9.2175
19.8072
9.0765
4.0144
6.1001
0.7484
0.7960
4.7620
19.9728
21.5702
0.8768
4.7274
19.0934
37.9916
1.5235
17.2660
27.5611
31.7462

8.0189
0.5998
8.7334
2.6388
21.0942
30.1914
27.0702
27.8204
10.6156
0.6239
5.1277
9.4262
6.8651
39.9335
0.1163
24771
10.2349
6.9220
3.5675
1.1379
33.9461
0.5112
22.4638
36.2869
38.0837
11.1128
31.1260
20.9699
13.7257
15.2231
2.8648
0.2496
20.0874
3.3140
33.5916
37.2517
15.9201
38.3706
3.4101
19.9886
21.6865
34.5055
19.5921
15.2192
6.1728
4.6216



7000
6647
7856
7825
2352
8086
48
1672
94
3708
7839
5942
1545
1842
1588
5821
7630
7286
371
4968
1534
7156
7739
7185
1058
6117
6685
379
7926
5816
4065
5328
7188
5655
881
4776
822
6146
722
2147
5471
3528
1681
3425
6970
582

38.3912
38.4330
38.4798
38.5136
38.5254
38.5648
38.5703
38.6642
38.6721
38.6773
38.6976
38.6979
38.7067
38.7906
38.8116
38.8132
38.8250
38.8357
38.8444
38.9004
38.9042
38.9074
38.9262
38.9476
38.9753
39.0183
39.0268
39.0283
39.0541
39.1245
39.1424
39.1780
39.2361
39.2384
39.2997
39.3119
39.3214
39.3503
39.3567
39.3569
39.3984
39.4446
39.5336
39.5448
39.5588
39.5946

17.3904
2.0764
22.1117
1.8763
33.2649
34.7429
27.1200
6.8807
22.0187
21.9896
26.4391
38.3289
38.9537
24.9601
26.8786
25.5074
4.5823
10.6126
16.0870
20.3298
30.2156
19.4036
0.6225
8.0013
13.2757
5.2851
31.7799
0.1850
23.7812
8.9305
0.0923
1.9603
36.8189
4.2938
2.8247
2.2554
10.8719
2.7211
17.7362
36.9819
8.7936
26.3862
22.9014
13.1763
29.3590
26.2251

9.4743
32.6370
23.9029
26.0159

7.0168
23.8684

2.0822

6.4739
31.9639

9.4794
20.9597
22.6394

8.9374

0.4182
38.2202

5.8944
20.0145
20.6318

0.9745
28.4606
16.9998

1.2578
31.9627

4.5072

0.7398
17.0267

8.5971

9.6838
22.7997
10.6347
29.0336

7.5434

2.8706
26.4437
11.2971
17.6739

7.0829

9.5450
27.2331

4.1668
26.7198

2.9744
34.0264

5.5293

4.3154

0.1307

5.2943
23.3810
3.7317
4.9286
0.3934
3.0387
8.5907
9.3513
25.8818
8.4601
28.7034
3.0528
36.0129
0.9285
0.4947
23.5745
30.4739
35.8843
36.3836
1.8457
14,7752
7.5395
8.8084
31.1572
0.0072
20.1019
38.8626
38.6569
22.0656
19.6530
17.8018
9.4188
13.2529
29.1391
23.8041
18.7393
6.8682
14.0911
15.0171
14.4089
27.7883
2.4019
7.1040
4.3399
21.9172
16.3200

17.2287
7.1538
16.9722
20.0093
29.3956
11.9839
5.9009
30.7428
4.2213
34.0796
11.0275
22.5651
13.2126
3.1077
7.6253
12.1028
2.4378
7.9379
8.9673
29.7112
0.6197
26.1858
2.4680
0.5175
39.9549
18.5021
5.3930
11.9914
17.8233
45775
28.9452
39.7912
26.9141
11.0420
1.1674
26.0930
22.1320
3.7542
15.3683
1.6879
18.2588
2.5608
26.4431
15.1871
2.7733
26.9572
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1.4094
26.2324
0.2610
6.6895
21.3458
0.6756
27.5932
15.8369
0.0419
3.3045
2.9440
0.5067
2.0754
39.8053
24.2121
38.1383
4.6405
19.4529
9.2833
37.5596
0.5246
39.3306
26.5365
2.9347
29.5388
3.0975
1.5535
23.5652
5.0124
15.2563
31.8591
5.6322
29.9020
8.0157
15.8322
10.0455
0.1239
23.9680
0.0500
5.9956
7.0010
10.0214
3.2804
3.2104
34.3839
2.6130

10.6371
14.0698
33.5323
10.9285
13.3272
30.0198
0.7158
2.4426
35.1742
1.4343
4.0764
37.7434
2.3447
1.6414
10.9900
37.7699
27.6017
0.2799
13.8608
16.8125
3.5773
3.1025
14.4878
30.1162
35.9693
4.1657
8.3820
25.8075
14.6219
28.9104
4.5604
30.4968
47822
28.7284
13.3846
21.7163
37.9305
38.7112
10.3979
37.8198
0.9406
9.8340
26.0091
7.8653
1.0447
35.2748

38.3495
1.6129
3.4640

35.0444
8.3272

22.0274

23.4934
5.5768

33.7173
6.7898
6.7028

14.4273

15.5728

18.9963
0.7750
0.3367

13.1748
5.0970
2.4362
0.5547

13.6068

17.6897

38.9894

23.2291
9.2841
3.3035
8.0393
3.0925
0.6771

19.2821

12.6561
6.8598
0.4828
3.0674

33.7625
1.9460

28.0382

12.2224

39.3319

14.9618

25.3196

29.9519
1.0957

33.4548
6.0581

38.6377



6917
7197
7039
2117
4759
7277
3699
4145
6836
3494
4249
5791
3463
2867
5868

39.6156
39.6723
39.6732
39.7215
39.7494
39.7625
39.7904
39.8412
39.8507
39.8554
39.8585
39.8887
39.9257
39.9438
39.9575

2.5593 32.6375
0.0735 21.7199
3.2643 2.5030
7.6271 15.2427
17.4960 15.0680
2.9101 4.7580
37.8114 17.9657
7.5359 4.6891
10.9461 22.4700
6.4545 0.7077
24.1362 19.9191
25.0767 7.0693
3.6134 12.0383
3.5220 6.6297
1.1390 28.6979

22.4091
25.0553
37.3641
1.6869
19.9484
4.1354
0.6224
16.7538
19.2049
14.8029
15.5685
0.1647
3.8296
28.1923
8.9591

2.0167
2.3469
19.2030
2.0077
0.0689
32.7477
22.4650
5.6222
2.8458
9.6074
0.3569
13.2324
30.6823
6.0107
9.2408

Total number of the Minimal Points = 2418

Number The Coordinates of the Maximal Points

252
5594
1058
3556
7417
5747
3006
7720
1175
8481
2834
7114

42
3639
5695
5527
6161
2587
4979
4065
4300
1052
7660
5328

38.9572
38.9582
38.9753
38.9790
38.9828
38.9913
38.9932
39.0117
39.0319
39.0382
39.0464
39.0624
39.0653
39.0668
39.0879
39.0903
39.1042
39.1290
39.1415
39.1424
39.1444
39.1464
39.1538
39.1780

21.9048 12.9666
3.2427 36.3516
13.2757 0.7398
0.4908 20.8822
35.6264 31.5219
14.3783 31.7627
38.3143 3.7738
20.8264 28.9513
7.4547 39.6969
31.6502 39.3257
32.1048 15.4489
16.0007 32.1129
36.9077 39.2534
31.6266 22.0574
33.4718 26.9058
29.0982 17.3936
28.9985 2.3402
33.6584 35.6743
24.8703 29.5987
0.0923 29.0336
0.9955 16.8024
37.7000 32.3936
31.6650 14.3719
1.9603 7.5434

241701
13.5102

0.0072
37.8741
20.3428
23.2280
31.6761
16.8502
34.9010
12.5583

1.4696
35.9377
37.9629
13.4978
16.0056

4.3999
10.7340
33.3828

4.6343
17.8018
26.0324

6.5064
28.5990

0.4188

27.2765
37.6887
39.9549
35.8113
10.6086
37.6989
29.6675

5.7213

3.1156
32.9382
19.9962

9.8185
10.6524
28.1146

0.6672
17.7790
19.6508
25.1535
16.6242
28.9452
13.7571
11.1386

8.4582
39.7912
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0.8136
11.3828
8.9994
36.8264
33.1813
17.0495
15.2704
3.7577
9.5473
4.6223
4.0033
13.4992
29.4104
14.4474
13.9703

9.6325
21.0943
29.5388
39.8578
18.4152
28.8530
39.3703
36.3969

1.2523

1.9939
39.0482
38.1453

9.0158
31.4220
35.9922
27.9408

6.7196
15.7456

7.5956
31.8591
17.7366

9.1328
10.5131

5.6322

19.1497
17.3844

3.9272
37.2703
35.0483
26.5393
12.6089

1.2516
15.8051
35.1452

9.2310
23.2667

5.2728
31.9473
28.4369

31.4184
31.3408
35.9693
11.2042
36.0046

2.8957
37.3176
31.4391
15.9875
27.2830
27.1442
19.5128
31.0165
13.9367
23.2216
27.7729
37.8608
28.1103
29.9046

4.5604
33.6289
15.2245
19.7022
30.4968

28.2782
31.9336
3.2937
36.5094
3.3177
1.1849
1.8631
38.1607
13.4701
14.0816
11.5531
19.7272
6.5934
5.3268
24.8818

9.9509
5.3918
9.2841
20.9560
19.7458
16.6106
9.4172
3.7107
32.4229
7.2091
33.1257
22.7073
11.0159
24.6823
4.8927
27.2991
12.3527
35.1876
20.9595
12.6561
14.4770
38.2081
31.5662
6.8598



723
5259
6919
6741
3670
8140
4592
7188

36
1623
6889
6550
5488
8087
5079
3168
4349
5082

194

822
3946

974
1442
6146
2764

722
2147

973
6559
4835
3445
4160
2199
7974

275
7327
7719

105
3280
2718
7982

771
4636
3069
7013
4031

39.1916
39.1919
39.2023
39.2055
39.2064
39.2074
39.2158
39.2361
39.2399
39.2507
39.2529
39.2627
39.2666
39.2767
39.2840
39.2886
39.3075
39.3150
39.3176
39.3214
39.3301
39.3368
39.3399
39.3503
39.3557
39.3567
39.3569
39.3606
39.3826
39.3857
39.3945
39.4022
39.4072
39.4183
39.4183
39.4254
39.4423
39.4439
39.4484
39.4739
39.4841
39.4982
39.5057
39.5070
39.5112
39.5181

26.6108

2.8117
38.5910
11.0468
16.0661
15.2962
21.2441
36.8189
33.5579
21.8470
33.3839

9.7214
37.1100
29.9405
36.4996
34.3745
39.5221
19.1918

5.6716
10.8719
21.7122

8.5832
29.0600

2.7211
30.5028
17.7362
36.9819
25.2135
13.4962
13.5301
32.0840

5.4150

9.1026

8.6134

5.6748
12.5714
11.3026
36.8066

0.5077
35.3041
28.7656

3.8234
26.3362
37.9383

6.1984
30.9912

17.3088
8.5944
8.1313

23.0746

20.0457

32.0776

17.5373
2.8706

20.3646

11.8730

39.4893

36.2396
0.5040
5.4380

38.7654

23.9857

39.4625
7.0261

24.0929
7.0829
7.5746

24.1915

13.3773
9.5450

38.9781

27.2331
4.1668

38.6463
6.2474

34.5145
6.9464

21.9868

26.7334

14.0658

28.6196

31.0399

35.6710
5.2309

37.2936

20.1501

31.7124

39.3805

23.0117

30.7685

30.3079

34.1490

13.1228
29.5321
33.8294
15.3056
39.4830
33.6545
29.4551
13.2529
32.6894
21.6675
29.1080
32.3829
31.8691

1.1068
36.3642
20.3089
12.1062
34.6874
27.1832

6.8682
31.0319
21.7607
20.8033
14.0911

1.3793
15.0171
14.4089
33.9324

6.1890
37.7484
29.1529
38.5579

8.9211
27.2591
27.1580
29.2912
34.8267
28.3673
33.4742
20.1505
14.5137
30.5894
17.2780
34.4900

5.6240
37.4106

30.0500
7.5430
7.0066

10.3657

11.7598

31.2369

21.9366

26.9141

12.3306

14.5181

21.9881
9.8940

11.9804

27.2956

35.7953

20.4690

28.6627

19.1393

15.7925

22.1320

28.6213

34.2360

31.6687
3.7542

12.6649

15.3683
1.6879

32.4885

20.3100
9.6150

38.5743

36.2386

16.3093

25.7538

32.0018

23.0725

22.8824

33.4063

37.0578
0.5275
6.3087

20.0294

30.7587

14.1222

28.9729

31.8242
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29.7402
31.4333
26.1925
30.2308

3.1208

3.6871
37.5511
29.9020
30.8322
35.4210
14.0401
26.5579

9.4906
16.1426
17.2100
21.4967
34.8162

7.7402
25.2073

0.1239
19.0703
21.7192

1.2077
23.9680

8.6374

0.0500

5.9956
19.8575
29.5104
10.0185
30.2162
17.7855
18.3574
18.7692
29.6278
36.6810
11.7114
36.5815
19.6204
32.1589
17.1411
27.7235
19.1689
27.4796
28.7190
33.8481

31.6105
37.5049

4.7881
30.4764

9.6841
29.2292

1.3496

4.7822
21.5698
27.6171
12.2713
33.5252

7.6854
36.5509
30.3901

1.5324
33.6895
36.1364
23.9699
37.9305
18.4546
33.8187

4.9064
38.7112

3.3816
10.3979
37.8198
16.2154
36.7440
27.4681
22.8729
18.0151
24.8291

4.2953
39.6769
22.2043

3.3498
10.2095
25.6157
34.2459
31.4897

6.2955
38.3925
12.5225
24.7596
35.6125

14.0897
23.1080
31.4761
18.0041
26.8793
15.4415
31.5720

0.4828
22.1413
36.1039

7.6448

3.9177
19.0602
27.3720
13.0709
32.9662
17.6568
15.0463

4.5070
28.0382
38.6067
39.0848
35.9383
12.2224
33.5463
39.3319
14.9618
35.1785
21.9988
27.4788
39.2772

2.8130
32.0810
39.2014

9.5670

0.3682
26.8318

9.0910
18.4162

3.2120
37.1033
21.1043
15.6710
10.3511
19.4721

2.7311



673

240
3875
6220
6585
6113

120
2898
1501
8396
3900
4741

582
4196
6917
5288
2917
4764

565

473
8390
6664
2712
7197
5083
2287
1375
5781
7110
3658
2471
2117
7072
4637

1844
2599
4759
4053
6233

437
5011
2763
3582
3963
6205

39.5184
39.5225
39.5315
39.5316
39.5393
39.5415
39.5427
39.5577
39.5581
39.5664
39.5761
39.5908
39.5946
39.6125
39.6156
39.6212
39.6333
39.6431
39.6477
39.6523
39.6612
39.6680
39.6694
39.6723
39.6804
39.6839
39.7048
39.7095
39.7099
39.7100
39.7154
39.7215
39.7274
39.7304
39.7337
39.7371
39.7486
39.7494
39.7505
39.7558
39.7561
39.7606
39.7607
39.7630
39.7633
39.7736

21.1087
29.6643
14.7406
37.6506
39.5250

5.2480
38.6629
14.3425
15.8304

8.3609
22.1693

8.6262
26.2251
13.4291

2.5593
25.3376
38.8815
24.4193

9.1515
30.1733

5.3569
13.5747
38.3006

0.0735
26.4374
28.9757
37.7871
10.4574

3.5509
33.0827
27.9146

7.6271
32.4140
32.3340
28.7325
22.7670

2.4867
17.4960
37.9197
25.1164

1.9568
37.6727
39.7411
17.9295

7.6488

4.0175

31.9231
23.8324
37.5534

0.4514
14.4680
35.5817
37.3160
12.7355

6.3850

7.4530
21.4265
25.2218

0.1307

6.4892
32.6375
22.7832

6.3260
31.3823
14.3693

0.3506
12.7612
36.2582

0.6333
21.7199
12.9400
13.4094
18.9365
23.4905

3.3948
35.1362
33.6194
15.2427
29.0709

9.4950

8.5593
34.1228
34.8488
15.0680
34.6244
39.5827
38.4527
24.1737
17.6762
35.1374
14.0574
18.5566

33.1078
34.2588
38.6876
29.9266
39.7568
18.1784
17.5127
13.2554
14.5347
22.4722
15.4635
33.9548
16.3200
31.9783
22.4091
10.7726
22.8606
20.4561

2.7762
28.1830
22.8479

7.4645
32.8421
25.0553
33.3716
19.9261
21.0449

6.2333
10.5211
37.2965

8.7533

1.6869
39.6951
38.4624
21.8453
31.1420
21.2228
19.9484
33.4585

5.0579
15.3348

9.9903

8.6674
36.4722
13.5853
16.3485

6.5036
32.0387
10.5668
24.7278
25.9982
11.2397
13.3998
14.9653
25.2971
20.5677
35.7755
24.3127
26.9572
34.3059

2.0167

5.5684
10.5958
32.3650
28.0768
18.1347
16.7219

8.7522
20.5834

2.3469
16.0056
24.3090
33.0039
19.4620
15.0474
29.1171
32.1562

2.0077
26.4415
24,5738
31.1924

2.3108
121112

0.0689
31.0405
17.7714
28.4407
13.6662
36.8070
29.8811

9.0263
39.3947
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24.7167
16.6187
29.4832
30.1423
28.6094
16.7562
19.2351
21.1012
17.6022
24.9475
18.6520

7.9115

2.6130

1.7431

0.8136
34.9734
21.6121
12.3112
37.9466
21.1408
10.7810
34.8462
18.8246
11.3828
25.0845
36.9738
16.2580

7.7711
22.3391

6.8891
32.7901
36.8264
31.3457
27.7300

1.9629
31.1136

4.8243
33.1813

6.7741

3.6092
39.2872

5.5019
24.2800
15.2569
24.1412
37.3555

10.5744
5.6416
7.7588
6.7692

35.4349

21.5327

24.3449

34.1565

36.1649

22.3327

17.2304

35.0093

35.2748

18.0375

19.1497
6.7342

13.2730

15.8822

19.7489

12.2309

12.7825

16.0909
3.1800

17.3844

38.2618

20.0308
2.3600

32.4071

18.6569

30.2499

21.1529

37.2703

20.7836

10.8646

16.5574

30.1625

32.5643

35.0483

33.9533

17.2076

20.4163

15.7047

17.7358

38.9025

16.4229

36.9879

28.7970
13.9537
15.7310
15.0672
14.4160

8.3624
13.7988
34.3989
21.0267
15.7658
21.9387
39.4361
38.6377
19.2589
28.2782

3.9287

1.1308
33.7378

7.3438
22.3106
37.3471
15.0266
13.0467
31.9336
29.3717

3.8967
16.4157
23.1200
39.4233
22.2430
33.0528
36.5094
13.4195
14.4738
24.7111
15.5574
22.7400

3.3177

8.7631
13.9186
35.1526
20.2138

9.2353
22.2855
29.4013
21.5346



8420
3699
1547
45
8309
3723
6612
6709
5914
3898
3508
6836
3494
8115
6688
1338
2213
387
486
6547
6653
3060
2189
7952
7226
7960
2528
770
3816
2867
5868
7236
7128
4038
232

39.7900
39.7904
39.7962
39.7996
39.8078
39.8129
39.8135
39.8252
39.8328
39.8468
39.8469
39.8507
39.8554
39.8569
39.8578
39.8752
39.8752
39.8817
39.8855
39.8872
39.9094
39.9159
39.9265
39.9267
39.9309
39.9342
39.9370
39.9371
39.9437
39.9438
39.9575
39.9591
39.9780
39.9868
39.9909

14.8844
37.8114
24.9166
34.6196
23.7039
24.2068
26.0857
31.0714
12.5801
37.5817
25.2031
10.9461

6.4545
32.6312
37.2416
15.1660
31.0130
32.2456
30.5968
21.3420

0.1808
33.2947
34.3744
19.2334
35.7091

3.7138
28.7969
31.4954
25.0180

3.5220

1.1390
31.1993
22.0442

7.3893
17.6364

39.7380
17.9657
31.9312
14,7584
14.3934
18.2507
18.4236
35.7329

6.1094
11.3592
27.2151
22.4700

0.7077
39.1474
21.0105

6.7886

1.5515
36.8872

8.1850

1.7692
32.2014
35.3450
13.7683
16.4343
11.2639
37.7160
11.0430
29.5163

9.3551

6.6297
28.6979
26.1258
38.4720
25.3762
14.9514

5.5370

0.6224

9.2603
17.0913
32.8726
22.9053

1.3972
31.2972
15.7668
30.8483
23.8414
19.2049
14.8029
21.1557

4.8643
27.5730
29.7298
20.8012

7.8308
28.6615

7.9027
30.8866
31.9744

5.2324
20.3998
12.9250
26.8510

4.3009
14.8552
28.1923

8.9591
21.1649
19.5188
35.0753
16.9226

5.6929
22.4650
13.7014
18.9428
14.8454
21.3399
27.7199
16.6998
38.9350
24.0709
10.2799

2.8458

9.6074
37.5934
25.8638
27.7429
14.9841
12.2704

6.4570
23.3534
24.9250
20.0817
13.4064
12.7435
30.3568
20.2541
17.4739

1.9465
30.6051

6.0107

9.2408

6.0412
23.3545
39.3103
35.8127

Total number of the Maximal Points = 2495

144

24.0155
15.2704
15.8341
27.9241
11.7504
39.7458
20.5682
34.7126
22.6174
35.4618

5.9061

9.5473

4.6223
39.1486
18.7688
35.1997
17.7427
37.7200

3.1658
17.8757
35.3618
20.9824
17.8444

6.2259
35.1341
12.6013
35.5394

7.7883
32.1185
14.4474
13.9703

4.9806
33.7646

8.6520
33.2064

15.4635
12.6089
30.2703
33.8595
35.7100

1.5463

9.0440
18.5866

9.7558
34.9862
11.8089
15.8051
35.1452

1.3452
23.3191
20.6647
29.4978

6.5130
29.7089

9.9974
33.5831
39.0506

9.8787
29.8864
29.5955
33.5892
39.6703
19.8199
29.5722
31.9473
28.4369
36.3691

7.0394

3.5097
18.3196

15.2580
1.8631
33.0738
19.0940
18.5101
19.2162
35.6289
6.1003
7.3837
7.0264
29.5431
13.4701
14.0816
38.2634
17.7523
22.1195
31.6882
29.9410
34.3783
4.3628
19.5876
10.3372
5.9615
21.4655
37.8554
7.5462
9.0907
36.2502
18.7765
5.3268
24.8818
32.3860
4.9825
6.6627
27.4294



Appendix 111

(d) Partial Results for the Special Example

Total numbers of the Minimal Points = 70000

7642 99.8482 0.1517 0.1517 0.1517 0.1517 0.1517 0.1517 0.1517 0.1517 0.1517
41564 99.8488 0.1511 0.1511 0.1511 0.1511 0.1511 0.1511 0.1511 0.1511 0.1511
25131 99.8498 0.1501 0.1501 0.1501 0.1501 0.1501 0.1501 0.1501 0.1501 0.1501
49839 99.8506 0.1493 0.1493 0.1493 0.1493 0.1493 0.1493 0.1493 0.1493 0.1493
13033 99.8541 0.1458 0.1458 0.1458 0.1458 0.1458 0.1458 0.1458 0.1458 0.1458
2129 99.8544 0.1455 0.1455 0.1455 0.1455 0.1455 0.1455 0.1455 0.1455 0.1455
15212 99.8576 0.1423 0.1423 0.1423 0.1423 0.1423 0.1423 0.1423 0.1423 0.1423
34477 99.8597 0.1402 0.1402 0.1402 0.1402 0.1402 0.1402 0.1402 0.1402 0.1402
10759 99.8634 0.1365 0.1365 0.1365 0.1365 0.1365 0.1365 0.1365 0.1365 0.1365
11304 99.8647 0.1352 0.1352 0.1352 0.1352 0.1352 0.1352 0.1352 0.1352 0.1352
67119 99.8681 0.1318 0.1318 0.1318 0.1318 0.1318 0.1318 0.1318 0.1318 0.1318
58393 99.8689 0.1310 0.1310 0.1310 0.1310 0.1310 0.1310 0.1310 0.1310 0.1310
21185 99.8743 0.1256 0.1256 0.1256 0.1256 0.1256 0.1256 0.1256 0.1256 0.1256
54653 99.8765 0.1234 0.1234 0.1234 0.1234 0.1234 0.1234 0.1234 0.1234 0.1234
63379 99.8787 0.1212 0.1212 0.1212 0.1212 0.1212 0.1212 0.1212 0.1212 0.1212
54070 99.8790 0.1209 0.1209 0.1209 0.1209 0.1209 0.1209 0.1209 0.1209 0.1209
14280 99.8796 0.1203 0.1203 0.1203 0.1203 0.1203 0.1203 0.1203 0.1203 0.1203
51314 99.8802 0.1197 0.1197 0.1197 0.1197 0.1197 0.1197 0.1197 0.1197 0.1197
54152 99.8816 0.1183 0.1183 0.1183 0.1183 0.1183 0.1183 0.1183 0.1183 0.1183
42364 99.8829 0.1170 0.1170 0.1170 0.1170 0.1170 0.1170 0.1170 0.1170 0.1170
38019 99.8832 0.1167 0.1167 0.1167 0.1167 0.1167 0.1167 0.1167 0.1167 0.1167
32983 99.8842 0.1157 0.1157 0.1157 0.1157 0.1157 0.1157 0.1157 0.1157 0.1157
15451 99.8868 0.1131 0.1131 0.1131 0.1131 0.1131 0.1131 0.1131 0.1131 0.1131
30727 99.8875 0.1124 0.1124 0.1124 0.1124 0.1124 0.1124 0.1124 0.1124 0.1124
59271 99.8877 0.1122 0.1122 0.1122 0.1122 0.1122 0.1122 0.1122 0.1122 0.1122
31025 99.8897 0.1102 0.1102 0.1102 0.1102 0.1102 0.1102 0.1102 0.1102 0.1102
36380 99.8931 0.1068 0.1068 0.1068 0.1068 0.1068 0.1068 0.1068 0.1068 0.1068
51300 99.8935 0.1064 0.1064 0.1064 0.1064 0.1064 0.1064 0.1064 0.1064 0.1064
55946 99.8940 0.1059 0.1059 0.1059 0.1059 0.1059 0.1059 0.1059 0.1059 0.1059
56087 99.8967 0.1032 0.1032 0.1032 0.1032 0.1032 0.1032 0.1032 0.1032 0.1032
34638 99.8977 0.1022 0.1022 0.1022 0.1022 0.1022 0.1022 0.1022 0.1022 0.1022
56372 99.8999 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000 0.1000
58582 99.9017 0.0982 0.0982 0.0982 0.0982 0.0982 0.0982 0.0982 0.0982 0.0982
49260 99.9029 0.0970 0.0970 0.0970 0.0970 0.0970 0.0970 0.0970 0.0970 0.0970
30653 99.9034 0.0965 0.0965 0.0965 0.0965 0.0965 0.0965 0.0965 0.0965 0.0965
14718 99.9069 0.0930 0.0930 0.0930 0.0930 0.0930 0.0930 0.0930 0.0930 0.0930
16925 99.9074 0.0925 0.0925 0.0925 0.0925 0.0925 0.0925 0.0925 0.0925 0.0925
56554 99.9074 0.0925 0.0925 0.0925 0.0925 0.0925 0.0925 0.0925 0.0925 0.0925
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25586 99.9081 0.0918 0.0918 0.0918 0.0918 0.0918 0.0918 0.0918 0.0918 0.0918
50613 99.9090 0.0909 0.0909 0.0909 0.0909 0.0909 0.0909 0.0909 0.0909 0.0909
55453 99.9128 0.0871 0.0871 0.0871 0.0871 0.0871 0.0871 0.0871 0.0871 0.0871
24012 99.9134 0.0865 0.0865 0.0865 0.0865 0.0865 0.0865 0.0865 0.0865 0.0865
46671 99.9148 0.0851 0.0851 0.0851 0.0851 0.0851 0.0851 0.0851 0.0851 0.0851
20855 99.9169 0.0830 0.0830 0.0830 0.0830 0.0830 0.0830 0.0830 0.0830 0.0830
32522 99.9173 0.0826 0.0826 0.0826 0.0826 0.0826 0.0826 0.0826 0.0826 0.0826
9165 99.9214 0.0785 0.0785 0.0785 0.0785 0.0785 0.0785 0.0785 0.0785 0.0785
57252 99.9224 0.0775 0.0775 0.0775 0.0775 0.0775 0.0775 0.0775 0.0775 0.0775
903 99.9230 0.0769 0.0769 0.0769 0.0769 0.0769 0.0769 0.0769 0.0769 0.0769
42088 99.9244 0.0755 0.0755 0.0755 0.0755 0.0755 0.0755 0.0755 0.0755 0.0755
11363 99.9281 0.0718 0.0718 0.0718 0.0718 0.0718 0.0718 0.0718 0.0718 0.0718
39423 99.9291 0.0708 0.0708 0.0708 0.0708 0.0708 0.0708 0.0708 0.0708 0.0708
62983 99.9310 0.0689 0.0689 0.0689 0.0689 0.0689 0.0689 0.0689 0.0689 0.0689
26890 99.9359 0.0640 0.0640 0.0640 0.0640 0.0640 0.0640 0.0640 0.0640 0.0640
9117 99.9391 0.0608 0.0608 0.0608 0.0608 0.0608 0.0608 0.0608 0.0608 0.0608
298 99.9447 0.0552 0.0552 0.0552 0.0552 0.0552 0.0552 0.0552 0.0552 0.0552
43928 99.9452 0.0547 0.0547 0.0547 0.0547 0.0547 0.0547 0.0547 0.0547 0.0547
25344 99.9459 0.0540 0.0540 0.0540 0.0540 0.0540 0.0540 0.0540 0.0540 0.0540
65654 99.9470 0.0529 0.0529 0.0529 0.0529 0.0529 0.0529 0.0529 0.0529 0.0529
21558 99.9473 0.0526 0.0526 0.0526 0.0526 0.0526 0.0526 0.0526 0.0526 0.0526
56461 99.9524 0.0475 0.0475 0.0475 0.0475 0.0475 0.0475 0.0475 0.0475 0.0475
491 99.9531 0.0468 0.0468 0.0468 0.0468 0.0468 0.0468 0.0468 0.0468 0.0468
15277 99.9538 0.0461 0.0461 0.0461 0.0461 0.0461 0.0461 0.0461 0.0461 0.0461
66438 99.9578 0.0421 0.0421 0.0421 0.0421 0.0421 0.0421 0.0421 0.0421 0.0421
60551 99.9581 0.0418 0.0418 0.0418 0.0418 0.0418 0.0418 0.0418 0.0418 0.0418
58910 99.9601 0.0398 0.0398 0.0398 0.0398 0.0398 0.0398 0.0398 0.0398 0.0398
52717 99.9606 0.0393 0.0393 0.0393 0.0393 0.0393 0.0393 0.0393 0.0393 0.0393
60920 99.9616 0.0383 0.0383 0.0383 0.0383 0.0383 0.0383 0.0383 0.0383 0.0383
34452 99.9620 0.0379 0.0379 0.0379 0.0379 0.0379 0.0379 0.0379 0.0379 0.0379
31003 99.9650 0.0349 0.0349 0.0349 0.0349 0.0349 0.0349 0.0349 0.0349 0.0349
50002 99.9681 0.0318 0.0318 0.0318 0.0318 0.0318 0.0318 0.0318 0.0318 0.0318
54527 99.9684 0.0315 0.0315 0.0315 0.0315 0.0315 0.0315 0.0315 0.0315 0.0315
1848 99.9697 0.0302 0.0302 0.0302 0.0302 0.0302 0.0302 0.0302 0.0302 0.0302
34462 99.9737 0.0262 0.0262 0.0262 0.0262 0.0262 0.0262 0.0262 0.0262 0.0262
45213 99.9738 0.0261 0.0261 0.0261 0.0261 0.0261 0.0261 0.0261 0.0261 0.0261
19562 99.9744 0.0255 0.0255 0.0255 0.0255 0.0255 0.0255 0.0255 0.0255 0.0255
4411 99.9803 0.0196 0.0196 0.0196 0.0196 0.0196 0.0196 0.0196 0.0196 0.0196
35013 99.9811 0.0188 0.0188 0.0188 0.0188 0.0188 0.0188 0.0188 0.0188 0.0188
52464 99.9832 0.0167 0.0167 0.0167 0.0167 0.0167 0.0167 0.0167 0.0167 0.0167
50979 99.9837 0.0162 0.0162 0.0162 0.0162 0.0162 0.0162 0.0162 0.0162 0.0162
24286 99.9854 0.0145 0.0145 0.0145 0.0145 0.0145 0.0145 0.0145 0.0145 0.0145
38005 99.9870 0.0129 0.0129 0.0129 0.0129 0.0129 0.0129 0.0129 0.0129 0.0129
23603 99.9876 0.0123 0.0123 0.0123 0.0123 0.0123 0.0123 0.0123 0.0123 0.0123
23379 99.9903 0.0096 0.0096 0.0096 0.0096 0.0096 0.0096 0.0096 0.0096 0.0096
43526 99.9912 0.0087 0.0087 0.0087 0.0087 0.0087 0.0087 0.0087 0.0087 0.0087
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17095 99.9931 0.0068 0.0068 0.0068 0.0068 0.0068 0.0068 0.0068 0.0068 0.0068
40864 99.9938 0.0061 0.0061 0.0061 0.0061 0.0061 0.0061 0.0061 0.0061 0.0061
65116 99.9954 0.0045 0.0045 0.0045 0.0045 0.0045 0.0045 0.0045 0.0045 0.0045
63665 99.9988 0.0011 0.0011 0.0011 0.0011 0.0011 0.0011 0.0011 0.0011 0.0011
27862 99.9988 0.0011 0.0011 0.0011 0.0011 0.0011 0.0011 0.0011 0.0011 0.0011

Total numbers of the Maximal Points = 70000

21558 99.9473 0.0526 0.0526 0.0526 0.0526 0.0526 0.0526 0.0526 0.0526 0.0526
56461 99.9524 0.0475 0.0475 0.0475 0.0475 0.0475 0.0475 0.0475 0.0475 0.0475
491 99.9531 0.0468 0.0468 0.0468 0.0468 0.0468 0.0468 0.0468 0.0468 0.0468
15277 99.9538 0.0461 0.0461 0.0461 0.0461 0.0461 0.0461 0.0461 0.0461 0.0461
66438 99.9578 0.0421 0.0421 0.0421 0.0421 0.0421 0.0421 0.0421 0.0421 0.0421
60551 99.9581 0.0418 0.0418 0.0418 0.0418 0.0418 0.0418 0.0418 0.0418 0.0418
58910 99.9601 0.0398 0.0398 0.0398 0.0398 0.0398 0.0398 0.0398 0.0398 0.0398
52717 99.9606 0.0393 0.0393 0.0393 0.0393 0.0393 0.0393 0.0393 0.0393 0.0393
60920 99.9616 0.0383 0.0383 0.0383 0.0383 0.0383 0.0383 0.0383 0.0383 0.0383
34452 99.9620 0.0379 0.0379 0.0379 0.0379 0.0379 0.0379 0.0379 0.0379 0.0379
31003 99.9650 0.0349 0.0349 0.0349 0.0349 0.0349 0.0349 0.0349 0.0349 0.0349
50002 99.9681 0.0318 0.0318 0.0318 0.0318 0.0318 0.0318 0.0318 0.0318 0.0318
54527 99.9684 0.0315 0.0315 0.0315 0.0315 0.0315 0.0315 0.0315 0.0315 0.0315
1848 99.9697 0.0302 0.0302 0.0302 0.0302 0.0302 0.0302 0.0302 0.0302 0.0302
34462 99.9737 0.0262 0.0262 0.0262 0.0262 0.0262 0.0262 0.0262 0.0262 0.0262
45213 99.9738 0.0261 0.0261 0.0261 0.0261 0.0261 0.0261 0.0261 0.0261 0.0261
19562 99.9744 0.0255 0.0255 0.0255 0.0255 0.0255 0.0255 0.0255 0.0255 0.0255
4411 99.9803 0.0196 0.0196 0.0196 0.0196 0.0196 0.0196 0.0196 0.0196 0.0196
35013 99.9811 0.0188 0.0188 0.0188 0.0188 0.0188 0.0188 0.0188 0.0188 0.0188
52464 99.9832 0.0167 0.0167 0.0167 0.0167 0.0167 0.0167 0.0167 0.0167 0.0167
50979 99.9837 0.0162 0.0162 0.0162 0.0162 0.0162 0.0162 0.0162 0.0162 0.0162
24286 99.9854 0.0145 0.0145 0.0145 0.0145 0.0145 0.0145 0.0145 0.0145 0.0145
38005 99.9870 0.0129 0.0129 0.0129 0.0129 0.0129 0.0129 0.0129 0.0129 0.0129
23603 99.9876 0.0123 0.0123 0.0123 0.0123 0.0123 0.0123 0.0123 0.0123 0.0123
23379 99.9903 0.0096 0.0096 0.0096 0.0096 0.0096 0.0096 0.0096 0.0096 0.0096
43526 99.9912 0.0087 0.0087 0.0087 0.0087 0.0087 0.0087 0.0087 0.0087 0.0087
17095 99.9931 0.0068 0.0068 0.0068 0.0068 0.0068 0.0068 0.0068 0.0068 0.0068
40864 99.9938 0.0061 0.0061 0.0061 0.0061 0.0061 0.0061 0.0061 0.0061 0.0061
65116 99.9954 0.0045 0.0045 0.0045 0.0045 0.0045 0.0045 0.0045 0.0045 0.0045
63665 99.9988 0.0011 0.0011 0.0011 0.0011 0.0011 0.0011 0.0011 0.0011 0.0011
27862 99.9988 0.0011 0.0011 0.0011 0.0011 0.0011 0.0011 0.0011 0.0011 0.0011
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Total numbers of points of set F = 70000

69970 98.8397 1.1602 1.1602 1.1602 1.1602 1.1602 1.1602 1.1602 1.1602 1.1602
69971 45.5436 54.4563 54.4563 54.4563 54.4563 54.4563 54.4563 54.4563 54.4563 54.4563
69972 93.2181 6.7818 6.7818 6.7818 6.7818 6.7818 6.7818 6.7818 6.7818 6.7818
69973 8.4276 91.5723 91.5723 91.5723 91.5723 91.5723 91.5723 91.5723 91.5723 91.5723

69974 85.0271 14.9728 14.9728 14.9728 14.9728 14.9728 14.9728 14.9728 14.9728 14.9728
69975 11.2682 88.7317 88.7317 88.7317 88.7317 88.7317 88.7317 88.7317 88.7317 88.7317
69976 15.7221 84.2778 84.2778 84.2778 84.2778 84.2778 84.2778 84.2778 84.2778 84.2778
69977 53.9415 46.0584 46.0584 46.0584 46.0584 46.0584 46.0584 46.0584 46.0584 46.0584
69978 74.8747 25.1252 25.1252 25.1252 25.1252 25.1252 25.1252 25.1252 25.1252 25.1252
69979 49.0002 50.9997 50.9997 50.9997 50.9997 50.9997 50.9997 50.9997 50.9997 50.9997
69980 12.5086 87.4913 87.4913 87.4913 87.4913 87.4913 87.4913 87.4913 87.4913 87.4913
69981 62.5052 37.4947 37.4947 37.4947 37.4947 37.4947 37.4947 37.4947 37.4947 37.4947
69982 61.0552 38.9447 38.9447 38.9447 38.9447 38.9447 38.9447 38.9447 38.9447 38.9447
69983 89.7225 10.2774 10.2774 10.2774 10.2774 10.2774 10.2774 10.2774 10.2774 10.2774
69984 82.9691 17.0308 17.0308 17.0308 17.0308 17.0308 17.0308 17.0308 17.0308 17.0308
69985 53.9570 46.0429 46.0429 46.0429 46.0429 46.0429 46.0429 46.0429 46.0429 46.0429
69986 23.6921 76.3078 76.3078 76.3078 76.3078 76.3078 76.3078 76.3078 76.3078 76.3078
69987 64.9779 35.0220 35.0220 35.0220 35.0220 35.0220 35.0220 35.0220 35.0220 35.0220
69988 35.6392 64.3607 64.3607 64.3607 64.3607 64.3607 64.3607 64.3607 64.3607 64.3607
69989 79.7802 20.2197 20.2197 20.2197 20.2197 20.2197 20.2197 20.2197 20.2197 20.2197
69990 70.1166 29.8833 29.8833 29.8833 29.8833 29.8833 29.8833 29.8833 29.8833 29.8833
69991 76.8723 23.1276 23.1276 23.1276 23.1276 23.1276 23.1276 23.1276 23.1276 23.1276
69992 90.2287 9.7712 9.7712 9.7712 9.7712 9.7712 9.7712 9.7712 9.7712 9.7712
69993 91.5653 8.4346 8.4346 8.4346 8.4346 8.4346 8.4346 8.4346 8.4346 8.4346
69994 16.5268 83.4731 83.4731 83.4731 83.4731 83.4731 83.4731 83.4731 83.4731 83.4731
69995 61.7786 38.2213 38.2213 38.2213 38.2213 38.2213 38.2213 38.2213 38.2213 38.2213
69996 29.1335 70.8664 70.8664 70.8664 70.8664 70.8664 70.8664 70.8664 70.8664 70.8664
69997 0.9693 99.0306 99.0306 99.0306 99.0306 99.0306 99.0306 99.0306 99.0306 99.0306
69998 69.8834 30.1165 30.1165 30.1165 30.1165 30.1165 30.1165 30.1165 30.1165 30.1165
69999 48.4570 51.5429 51.5429 51.5429 51.5429 51.5429 51.5429 51.5429 51.5429 51.5429
70000 23.6606 76.3393 76.3393 76.3393 76.3393 76.3393 76.3393 76.3393 76.3393 76.3393
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